Topics: Section 2.4 - Derivatives of Trigonometric Functions

1. Compute the derivatives of the following functions.

(a) f(x) = zsin(x).

4t?
(b) g(t) = cos(t)’
_ sin(z)
(©) he) = ok
(d) y(t) = Vtcos(t)
(z) = tan(z)

Solution - some abbreviated algebra.
a) Product rule. f'(x) = sin(x) + x cos(x).

b) Quotient rule. ¢'(t) = %ﬁ(icos(t)_

(
(

( (3224m)2
(d) Product rule. Writing y(t) = t'/2 cos(t), then y/(t) = (1/2)t~1/2 cos(t) — t}/? sin(t).
(e) Quotient rule. Writing f(z) = 32 then

cos(z)?

)
)
¢) Quotient rule. h'(z) = (32 +m) cos(z) Gz sin(z)
)
)

—cos(z)? + sin(z)?
2

= —1 + tan(z)? = sec(z)?.

fiz) =

cos(x)

f) Quotient rule. Writing y(z) = ——, then
( gy

cos(z)?

, cos(z) - 0 4 sin(z sin(z
y'(r) = ( ios(;)Z (@) = cos((x))2 = tan(z) sec(x).

(g) Product rule. Using the formula we just figured out, - (sec(z)) = sec(z) tan(z), we have

g (v) = 3v?sec(v) + v¥ sec(v) tan(v).

(h) Product rule (2x). Let’s view h(s) as the product h(s) = s2cos(s)sin(s) and use the product rule on the red
part and blue parts.

B (s) = (5%)'(cos(s) sin(s)) + s%(cos(s) sin(s))’

= 25cos(s)sin(s) — s?sin(s)? + 52 cos(s)?.

(i) Multi-product rule. Using the formula we figured out - (tan(z)) = sec(z)?, we have:
f'(z) = 2z sin(z) cos(z) tan(z) + 22 cos(z)? tan(z) — 22 sin(z)? tan(z) + 22 sin(z) cos(z) sec(z)?.

(j) Write h(t) = sin(t) sin(¢) sin(t) and use the multi-product rule carefully. You should be able to simplify your
answer to h'(t) = 3sin(t)? cos(t) using trig identities.
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sin(9) = 1. Therefore, for small values of 8, we have that % ~ 1. 3° is a fairly small angle,

2. We saw that ;im

—0
so we might want to conclude that % ~ 1 or equivalently, sin(3°) ~ 3. How can you tell that this is a bad
approximation and what went wrong?

Solution. It is a bad approximation because sin(f) is never equal to 3, or very close to 3. What went wrong is
when we write sin(#) for some number 6, we always have 6 representing an angle in radians, not degrees.

3. Evaluate the following limits.

sinx

li

(b) lim tan x
x—0 €T
. sin(66)
(c) Jim =35
(d) lim —Y
y—0y + tany
20
lim ——~
(€) 60 sin(36)

1 — cos(z)

(®) alzl—>mo 4z sin(z)

tan(6t)
im —
t—0 sin(2¢)

Solution.

(a) We can split up the limit of products, since each of the two new limits existE|

. . 1 1
lim S0@) o sin@) o L Ly
z—0 - 2% z—0 x z—0 2% 20
. tan(z) _ sin(z)
(b) Write == = cos(ayz- Lhen
t i 1 1
lim $2048) _ i, S0@) =1 =1
=0 T a—=0 x 20 cos(x) cos(0)
(c) Let’s rewrite w = % . % = sin6(669) - 2; multiplying by one S0 that a matching 66 term appears. Now
because the terms 66 match, we can use the general fact lim, % = 1, because we can set z = 66 and
60 — 0 as 8 — 0. We have: (60 (60
fim SO0 SnE0) oy
6—0 3 9—0 60

(d) The idea is to take the reciprocal of the original limit, which allows us to split up the fraction in a useful way.
Writing tan(f) in terms of sin(6) and cos() is also often useful. First:

1 . 1
= lim ————
. sin(y) sin(y)
limy 0 yjrtarlll(y) v=o y+tar11/(y)
y + tan(y)

s sin(y)

Now this limit is easier to compute:

oy tan(y)
lim =———>= p ;
y—0  sin(y) y—0sin(y)  y—0 sin(y)

y—=0 Y y—0 sin(y)
=1/14+ lim ——
1+ y50 cos(y)
=1+1
=2

IRemember that if we split up a product limit and obtain a new limit that does not exist, it does not necessarily follow that the original
limit does not exist. For example: limgz—01 = (limgz—0 ) (limz_m %), we are splitting up the product 1 = «x - % One of the limits on the
right-hand side of this equality does not exist, but the limit on the left certainly exists. The same principle holds true with limits of sums.



We figured out:

1
lim siny) >
¥=0 yitan(y)
Therefore
sin(y) 1

lim ——~— = —.
y—0 y +tan(y) 2

(e) Similar method to previous one. Do yourself carefully - your answer should be 2.



(f) Your TA found this one quite difficult. A good reminder of the endless joys of mathematics. Think of difficult
limit problems like crossword puzzles. You have to follow the rules (very important!), and it’s very rewarding
when you finally crack it.

Multiply by the conjugate is the trick. Then use the most important trig identity.

1 — cos(z) _1- cos(z) 1+ cos(z)
4z sin(x) drsin(z) 14 cos(x)
1 — cos(z)?

(4x sin(z))(1 + cos(x))
2

sin(x)
(4x sin(z))(1 + cos(x))
sin(x)
4z(1 + cos(x))

Now we see what to do.

1 — cos(x) ) sin(z)

250 4 sin(z) = 250 4z(1 + cos(z))

—~~

. sin(z) 1
= lim .
4(1 + cos(x)

z—0

(g) We'll multiply by one creatively to add the proper terms to match the limit limg_,o % =1.

tan(6t)  sin(6t 1

)
sin(2t)  cos(6t) sin(2t)
in(6t) 6t 1 2
os(6t) 6t sin(2t) 21
sin(6t) 1 6t 2t

6t  cos(6t) 1 sin(2t) 2t
sin(6t) 3 2t

6t cos(6t) sin(2t)

21

Q

Taking the limit as ¢ — 0, we use the equalities limg_,q w =1 and cos(0) = 1 and find:

. tan(6t) . sin(6t) 3 2t
lim - = lim . -
t—0 sin(2t)  t—0 6t cos(6t) sin(2t)
1.3
1
=3.



4. Are there any values of k for which the following function is continuous at x = 07 If so, find them.

f(x){ X+ xcosx 240

sinzcosz’
z=0

Solution. To ensure f(x) is continuous at = 0, we need to ensure lim,_,o f(z) = k. So we have to compute
im0 f(2).

Use the trig identity 2sin(z) cos(x) = sin(2x). Then:

x + x cos(x) . x4 xcos(x)
im ——————~= = lim ——— %
«—0 sin(x) cos(z) =0 (1/2)sin(2x)
) x x cos(x)
= lim - :
=0 (1/2)sin(2z)  (1/2)sin(2z)
I 2z n 2z (2)
= lim .
-0 sin(2z)  sin(2z) oSl
1+1-1

=2

5. For f(x) = sin(z), write an equation for the tangent line to f(z) at = w. Sketch a graph of f(z) and this tangent
line in the same graph.

Solution. f’(x) = cos(z), so the slope of the tangent line at = 7 is f/(7) = cos(w) = —1. The equation of the
tangent line is therefore T(x) = —(z — w) + f(7) = —x + 7.

Graph:

6. Let f(x) = sin?(z) and g(z) = —cos?(z). Show that f’(z) = ¢'(x). Is this surprising? Can you think of another
explanation of this?

Solution. I think it is a little surprising. Note that f(x) = 1 — cos?(x), according to the most important trig
identity. Any two functions that differ by a constant have the same derivative; without doing any computations we

can see that it must be that f/(z) = ¢'(z) since - (1) = 0.



Bonus questions - composition of functions.
1. Let f(t) = et and g(t) = In(t). What is f(g(t))? What is f(g(1))?

Solution. f(g(t)) = e™® = ¢, with the restriction that ¢ > 0 since In(t) is only defined for ¢ > 0. And
f(g(1)) = In(1) = 0.

2. Let h(q) = 1/q. What is h(csc())? What is h(csc(F))?

Solution. hA(csc(d)) = cscl(O) = m = sin(f), with the restriction that 6 is not a multiple of , since csc(0) is

not defined when sin(f) = 0, which happens when 6 is a multiple of 7. We have h(csc(3)) = sin(Z) = 271/2.

3. Consider the function f(z) = v/1+ z2. Find functions g(z) and h(z) such that f(x) = g(h(z)).

Solution. g(z) = +/r and h(z) =1+ 2.



