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CHAPTER 1

INTRODUCTION TO GROUPS

All of this course will be focused on concepts related to groups, one of the most impor-
tant unifying ideas in mathematics. The group concept was implicit in mathematics
for a long time — arguably from the introduction of negative numbers. It was a French
teenager, Evariste Galois (1831), who first defined a group and gave it a name, writing
up the sum total of his ideas in a long letter the night before he died in a duel to defend
the honor of a sex worker. As you'll soon see, the definition of a group is fairly sim-
ple. I think of groups as sitting fairly low down within the structure of mathematics.
This means they are foundational — knowing more about groups tells you about all the
objects that build upon them.

Group theory today is often described as the theory of symmetry. Some of the
largest discoveries in science have been due to framing symmetries in nature in terms
of groups. Noether’s theorem says that, in a precise sense, all conservation laws within
a physical theory come from symmetries of that theory. For example, one way to phrase
the development of special relativity is that physicists identified the correct symmetry
group of spacetime — the Lorentz group. Group theory predicted the existence of many
elementary particles before they were found experimentally. Several of the most im-
portant problems in physics and computer science can be phrased similarly.

The point of this first chapter is not to master every example. The point is to see the
shape of the subject early: examples, calculations, subgroups, generators, homomor-
phisms, isomorphisms, and actions. Later chapters return to all of these ideas in much
more detail.

1.1 DEFINITIONS AND FIRST EXAMPLES

A group consists of two pieces of data: a set G, and an associative binary operation *
with some properties. Before the formal definition, let’s give two examples:

Example 1.1.1. The pair (Z,+) is a group. Z ={...,—2,—-1,0,1,2,...}is a set and the
associative operation is addition. Note that there is a special element 0 € Z that has a
special property:

a+0=0+a=a foralla € Z.

1
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This is called the identity element. Every element a € Z has an additive inverse:
a+(—a)=(—a)+a=0. o

Example 1.1.2. Let Q — {0} be the set of nonzero rational numbers. The pair (Q —{0}, )
is a group: the set is Q — {0} and the associative operation is multiplication. Again we
see the same two nice properties: There is a special element 1 € Q — {0} such that

This is the identity element. For any rational number x € Q — {0}, there is an inverse
1/x such that

x-x T=xTx=1. o
Definition 1.1.3. A group is a pair (G, *) consisting of a set of elements G, and a binary
operation * on G, such that:

* G has an identity element e with the property thatexg=gx*e=gforall g € G.

* The operation * is associative, meaning that (a *b) xc =a* (bx*c) forall a,b,c €
G.

1 1 1

=g 'xg=e.
We'll denote the size of the group by |G|, sometimes called the order of the group. If
|G| is finite, we say G is a finite group.
Note that we’ll often refer to the group only by the underlying set G itself, leaving
you to infer the operation * from context.

* Every element g € G has an inverse g~ ', meaning that g x g~

Remark 1.1.4 (Unimportant pedantic point). Some authors like to add a “closure ax-
iom”, i.e. to explicitly say that g * h € G. This is implied already by the fact that x is a
binary operation on G.

Example 1.1.5. Z,Q, R and C are all groups under addition with e = 0and a™' = —a,

for all a. ©
Example 1.1.6. Q —{0}, R —{0}, C — {0}, Q" and R™" are all groups under multiplication
withe=1and a ! =1/q, for all a. o

Example 1.1.7 (Invertible matrices). Consider the set of all invertible n X n matrices
with real entries, denoted by GL,,(IR). This set forms a group under matrix multipli-
cation, known as the general linear group. The identity element is the identity matrix,
and the inverse of a matrix A is its inverse A~!, which also has real entries. The group
operation is associative because matrix multiplication is associative. But wait, is it
closed under multiplication? Yes! The product of two invertible matrices is also in-
vertible, and the inverse of the product is given by (AB)"!' = B TA~T, which is also
an invertible matrix. Therefore, GL,,(IR) satisfies all the group axioms and is indeed a
group. o
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Example 1.1.8 (Non-examples of groups). e Z —{0}is not a group under multipli-
cation, since elements like 2 do not have multiplicative inverses in Z — {0}.

* The pair (Q, ) is not a group. While there is an identity element, the element
0 € Q does not have an inverse.

* The natural numbers IN are not a group under addition. There is an identity
element, but 3 has no additive inverse inside IN.

* Let Mat;,,(IR) be the set of 2 x 2 real matrices. Even though we have an identity
matrix
10
0 1|’

not every matrix has a multiplicative inverse. For example, the zero matrix does
not have a multiplicative inverse. Even if you delete the zero matrix from the set,
it is still not a group — any matrix with determinant zero cannot have an inverse.

o

1.2 BASIC ALGEBRA IN A GROUP
In a group we can calculate without knowing what the elements actually are. The sym-
bols a, b, c might be integers, matrices, functions, symmetries, or something stranger,
but the same algebraic rules still hold.

Proposition 1.2.1. If G is a group under the operation *, then
* The identity of G is unique.
e Foreach a € G, a™! is uniquely determined.

Proof. Suppose f and g were both identities. Then f * g = f since g is an identity, and
f x g = g since f is an identity. Thus f = g.
Suppose b and ¢ were both inverses of a. Then a * b = e and a * c = e. Thus

b=bxe=bx(axc)=(b*xa)xc=ex*xc=c. [

Therefore we can refer to the identity of G and the inverse of g without ambiguity.

From now on, when the operation is clear, we usually omit the symbol * and write
ab instead of a * b. This is called multiplicative notation. When the group operation is
addition, we use additive notation: the identity is written 0, the inverse of a is written
—a, and the product a™ is written na.

Proposition 1.2.2. Let G be a group and let x,y,a € G. Show that the following properties
hold:

1. If ax = ay, then x = y.
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2. Ifxa=vya, then x =y.
3. (x ) T =x

4 (exy) T =y ) E(x7.
Proof. Let e be the identity element of G.

1

1. If ax = ay, then multiplying on the left by a~! gives a~'ax = a~'ay, so ex = ey,

hence x = y.

1 1

2. Ifxa = ya, then multiplying on the right by a~' givesxaa™! =yaa™', soxe = ye,

hence x =vy.
3. Since x 'x = eand xx~! = e, the element x is the inverse of x . Thus (x ')~ = x.
4. We have
(x xy) * (y‘1 *x_]) =xx*(y >|<y‘1) «x | =xkxexx | —e

and similarly

—1 —1 —1 1

xX)kYy =Y ' *kexy=e.

xx 1. [ |

(Yl ax )k (xxy) =y (x

1 1

Hence y ' * x~ is the inverse of x ¥y, s0 (x *y) ™' =y~

Some notation: if x € G and n > 0, we write x™ to denote the element obtained by
multiplying x with itself n times:

X=X kX kKX,
-

n times
We alsosetx® =eand x ™ = (x )" forn > 0.

Exercise (1.2.1). Let G be a group and let x,y € G. Show that the following properties
hold:

1. (x = (x™)~ .
2. (x 'yx)™ = x"'y"x for any integer n > 1.
Exercise (1.2.2). Suppose G is a finite group. For a € G, prove that the functions
Lo: G — G, La(x) = ax

and
Re: G — G, Ra(x) = xa

are bijections.
Deduce that each row and each column of the multiplication table of G contains
every element of G exactly once.
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Exercise (1.2.3). We have seen that a group element has a unique inverse. However,
group elements need not have a unique square root. By a square root of an element g
in a group G, we mean an element h such that h? = g.

1. Give an example of an element g in a group G that has no square roots.

2. Give an example of an element g in a group G which has more than one square
root.

3. Give an example of an element g in a group G which has infinitely many square
roots.

4. Give an example of an element g in a group G which has a unique square root.

Most of the examples so far have had the special property that a * b = b * a for all
a,b € G. This is called commutativity, and it is not a requirement for a group. Groups
that do have this property are called abelian groups, after the Norwegian mathemati-
cian Niels Henrik Abel.

Definition 1.2.3. A group G is abelian if * is commutative, i.e. for all a,b € G we have
axb=>bxa.

Example 1.2.4. The groups Z, Q, R, and C under addition are abelian. The groups Q*,
R*,C*,Q7", and R under multiplication are also abelian. o

Example 1.2.5. So far, the only example we’ve given of a nonabelian group is GL,, (R).
For instance, in GL;(IR),

1 111 o] [2 1]
o 1)1 1 1)

while i o i i i
1 0] (1 1 1 1
1 1[0 T 120

These products are different, so matrix multiplication is not commutative. o

Exercise (1.2.4). Prove that if x* = 1 for all x € G then G is abelian.

1.3 A FIRST GALLERY OF EXAMPLES
The next examples will come up a lot. The goal here is exposure: you should know
these groups exist and have a rough sense of how they behave. We will return to most
of them later.

Example 1.3.1 (Addition mod n). Here is an example from number theory: Let n > 1
be an integer, and consider the residues (remainders) modulo n. That is, we partition
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the integers into n equivalence classes:

0={a€eZ|la=0 modn}={0,n,—,2n,—2n,...}
T={a€Z|la=1 modnl={I,n+1,—n+1,2n+1,-2n+1,...}

n—1l={aeZla=n—1 modn}=n—-1,2n—-1,-1,3n—1,-2n—1,...}

These form a group under addition. We call this the cyclic group of order n, and
denote it as Z/nZ with elements 0,1, ...,n — 1. The identity is 0. o

Example 1.3.2 (Multiplication mod n). For n € N, the set (Z/nZ)* of equivalence
classes @ which have multiplicative inverses mod n is a group under multiplication of
classes. The identity element is the element 1T and by definition, each element has a
multiplicative inverse. In general, we will use the notation G* to mean the group of
invertible elements of a set. o

Sometimes we organize the information of a group into a group table. For example,
consider (Z/5Z —{0},-) = (Z/5Z)*. The group table is as follows:

|1 2 3 4
111 2 3 4
212 413
3131 4 2
414 3 21

You can check this is a group: the identity is 1, every element has an inverse (for ex-

ample, 7' = 3), and the operation is associative because multiplication of integers is
associative. This, in a sense, contains all information about the group. However, it
won't be a very useful way to organize the information for large groups.

Just for fun, let’s start reasoning through all groups of small order.

1. The only group of order 1 is the trivial group {e}, where e is the identity element.
That is, up to renaming the group elements, there is only one group of order 1.

2. The only group of order 2 is

e a
e|e a
aja e

where a is the non-identity element. The assignments are forced upon you. So
up to renaming your group elements, there is only one group of order 2. Since
we already know that Z /27 is a group of order 2, we can conclude that Z /27 is
the only group of order 2.
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3. The only group of order 3 is

where a and b are the non-identity elements. The assignments are forced upon
you. So up to renaming your group elements, there is only one group of order
3. Since we already know that Z/3Z is a group of order 3, we can conclude that
Z./3Z is the only group of order 3.

4. There are two options for the group of order 4. The first is the cyclic group Z/4Z.:

-0 1T 2 3
ojo 12 3
1|17 230
212 3 01
3|30 71 2

The second is the Klein four group Z /27 x Z./2Z.

o o Qe o

0O T o 0o
(o el M ol o]
o o o o
o 0 T 0|0

So there are two groups of order 4 up to renaming the group elements: Z/4Z
and Z/27 x Z./27Z.

5. The only group of order 5is Z /5Z.

6. There are two groups of order 6 up to renaming the group elements: Z/6Z and
S3, the symmetric group of order 6. The first is abelian, while the second is not.
This is the first non-abelian group.

We will define what it means for groups to be “the same up to renaming” soon, but
much of early group theory is about classifying all groups in this way.

Example 1.3.3 (Product groups). Let (G, *) and (H,-) be groups. The product group
G x H is the set of pairs (g, h) with g € G and h € H, with the operation defined by

(g1,h1)(g2,hy) = (g1 * g2, hy - hy).
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The identity element is (e, ey), where eg and ey are the identity elements of G and H,
respectively. The inverse of an element (g, h) is given by (g7, h™1). The operation is
associative because both * and - are associative. Therefore, G x H satisfies all the group
axioms and is indeed a group. o

Example 1.3.4. Let S be the set of complex numbers z with absolute value one; that is
S'={zeCllz =1}
Then (S', x) is a group because
 The complex number 1 € S serves as the identity, and

¢ Each complex number z € S! has an inverse 1/z which is also in S, since [z~ =
Iz~ = 1.

* You should also check that z; X z; actually still lives in S'. This follows from the
fact that |z122] = |z1]|z2] = 1.

&

Example 1.3.5. Let SL,,(IR) denote the set of n x n matrices whose determinant is 1.
This is a subgroup (more on this soon) of GLy, (IR), and is called the special linear group.
The identity element is the identity matrix, and the inverse of a matrix A in SL, (IR) is its
inverse A~', which also has determinant 1. The group operation is associative because
matrix multiplication is associative. Therefore, SL,,(IR) satisfies all the group axioms
and is indeed a group. o

Example 1.3.6 (Dihedral group). Consider a regular n-sided polygon. The symmetries
of this polygon form a group under composition, known as the dihedral group Dy.
What does the word symmetric mean here? We apply the label “symmetric” to any-
thing that is invariant under some transformations. In this case, the elements of D,
include rotations and reflections that preserve the shape of the polygon. The identity
element is the rotation by 0 degrees, and each symmetry has an inverse that undoes its
effect. The group operation is associative because composition of functions is associa-
tive. Therefore, D, satisfies all the group axioms and is indeed a group.

If r denotes rotation by 27t/n and s denotes a reflection, then every element of Dy,
can be written as either 1t or ris for some 0 < i < n. The relations

™ =e, sf=e¢, STS =1

1
explain most computations in this group. We will study these groups carefully later. <

The next example is actually the original motivation for the definition of a group.
That is, when Galois defined a group, he was thinking about the following example.
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Example 1.3.7 (Symmetric group). The symmetric group S, is the group of all permu-
tations of {1,. .., n}. By viewing these permutations as functions from {1, ..., n} to itself,
we can consider compositions o of permutations. The pair (Sy, o) is a group. There is
an identity element: the permutation that leaves all elements fixed. Each permutation
has an inverse, which is the permutation that undoes its effect. o

A huge theorem of Cayley, which we will later show, says that every group is iso-
morphic to a subgroup of some symmetric group. This means that, in a sense, the
symmetric groups are the most general groups. So maybe Galois was right to focus on
them!

Example 1.3.8 (Quaternions). The quaternion group Qg is the group with elements
{] 7 _] 7 1.'/ _i/ j/ _j/ k/ _k}

and multiplication defined by the following rules:

T —

j=k ji=-k,

k=1 kj=-i,

ki=j, ik=-j.
This group is not abelian, since ij = k but ji = —k. o

Exercise (1.3.1). Let G = {a+bv2 € R | a,b € Q}. Prove that G is a group under
addition, and prove that the nonzero elements of G are a group under multiplication.

Exercise (1.3.2). This exercise gives a first glimpse of a Lie algebra. Let M;,(C) be the
vector space of all 2 x 2 complex matrices. For A, B € M;(C), define

[A,B] = AB —BA.

This operation is called the commutator bracket. In Lie theory, this is the basic example
of a Lie bracket.

1. Compute [A, B] for
1 0 0 1
o T P S
2. Prove that [A,B] = —[B,A] forall A,B € M;(C). In particular, [A, A] = 0.
3. Prove that [A, B] = 0 if and only if A and B commute.

4. Let
shL(C) ={A € My(C) | Tr(A) = 0}.

Prove that if A, B € s,(C), then [A, B] € sl(C).
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1.4 SUBGROUPS: FIRST PASS
Every time we define an algebraic object, we should ask which subsets inherit the same
structure. For groups, these inherited objects are called subgroups. Often the best way
to understand a group is to find smaller groups inside it.

Definition 1.4.1. A subgroup of a group (G, *) is a group (H, *) such that H C G and
the operation on H is the operation on G restricted to H. We write H < G to mean that
H is a subgroup of G.

The words “under the operation of G” are important. We are not allowed to put
a new operation on H and then call it a subgroup. A subgroup has to use the same
multiplication law as the ambient group.

Example 1.4.2. Every group G has two trivial subgroups: the group itself, and the
subgroup {e} consisting of just the identity element. For the groups Z/2Z and Z/3Z,
these are the only subgroups. o

Example 1.4.3. Under addition, we have the chain of subgroups Z < Q <R <C. ¢

Example 1.4.4. For any integer n, the set
nZ ={nk |k € Z}

is a subgroup of Z under addition. For instance, 3Z C Z is the subgroup of all multi-
ples of 3. o

In practice, we usually do not want to check every group axiom from scratch.

Proposition 1.4.5 (Subgroup test). Let G be a group and let H be a nonempty subset of G.
Then H is a subgroup of G if and only if

ab~' € H

forall a,b € H. Equivalently, H is a subgroup if and only if H is nonempty and closed under
the group operation and taking inverses.

Proof. If H is a subgroup, then b~' € H,s0 ab™! € H.

Conversely, suppose H is nonempty and ab~' € H for all a,b € H. Choose some
h € H. Taking a = b = hgivese = hh™! € H. Taking a = eand b = h gives
h! € H. Finally, if a,b € H, then b~! € H, so taking a and b~! in the test gives
a(b~")~! = ab € H. Thus H has the identity, inverses, and is closed under the group
operation. Associativity comes from G, so H is a subgroup. n

Example 1.4.6. SL;;(R) < GL,(R). Indeed, if A, B € SL,,(R), then
det(AB™") =det(A)det(B) ' =1-17" =1,
so AB~! € SL,(R). o
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Example 1.4.7. If g € G, then

(@)={..,a%9eq4d%...}

is a subgroup of G, called the cyclic subgroup generated by g. o

Definition 1.4.8. The order |g| of an element g € G is the size of the cyclic subgroup (g)
generated by g. That is, it is the least positive integer n such that g™ = e, or oo if no
such n exists.

Exercise (1.4.1). If x and g are elements of the group G, prove that |x| = |g‘1xg\. Deduce
that [xy| = lyx| for all x,y € G.
Example 1.4.9. In S, the set of permutations fixing 1 is a subgroup:
{o€Sn|o(1) =1} < Ssn.
This is called the stabilizer of 1in S;,.
In Dy, the rotations form a subgroup
{e,r, 7%, ...,/ 1} < D,.
Also, for any reflection s, the two-element set {e, s} is a subgroup of D,. o

Exercise (1.4.2). In a nonabelian group, two elements need not commute. On the other
hand, they might commute. If h € G, the centralizer of hin G is

Cg(h) ={g € G| gh = hg}.
1. Prove that Cg(h) is a subgroup of G.

2. Let G be the symmetric group on 4 letters and let h be the permutation (12)(34).
What is the centralizer Cg(h)?

Exercise (1.4.3). Let G be a group. The center of G is
Z(G)={z€ G|zg=gzforall g € G}.
1. Prove that Z(G) is a subgroup of G.

2. Prove that

Z(G) = () Cg(h).
heG

3. Compute Z(S3) and Z(D4).

Exercise (1.4.4). Let G be a finite group. The commuting graph of G is the graph whose
vertices are the elements of G, with an edge between distinct vertices x and y exactly
when xy = yx.

1. Draw the commuting graph of Ss.

2. Explain how the degree of the vertex x is related to the size of the centralizer
Cg(X).
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1.5 SYMMETRIC GROUPS
Permutation groups or symmetric groups are among the most important examples of
groups. They are concrete enough that you can compute with them by hand, but also
flexible enough that many abstract questions about groups can be reduced to ques-
tions about permutations. Furthermore, this was how Galois thought of groups and
were what people meant for a long time when they said "group".

Definition 1.5.1. A permutation of a set Xis a bijection o: X — X. When X ={1,2,...,n},
the set of all permutations of X is denoted S, and is called the symmetric group on n
letters.

The group operation on S, is composition of functions. Thus if o, T € Sy, then ot
means “first do T, then do 0.” This convention is annoying for approximately one week
and then becomes second nature.

Proposition 1.5.2. The set S, forms a group under composition, and |Sn| = n!.

Proof. The composition of two bijections is again a bijection, composition of functions is
associative, the identity map is the identity element, and every bijection has an inverse
bijection. Hence S, is a group.

To count its elements, note that there are n choices for o(1), then n — 1 choices for
0(2), and so on. Therefore

ISpl=n(n—1)---2-1=nl
[ |

Example 1.5.3. The group S3 has six elements. One of them is the identity permutation,
and the other five are the nontrivial rearrangements of {1, 2, 3}. Since |S3| = 6, this is the
smallest symmetric group that is not abelian. o

There are several ways to write permutations. The most literal is two-line notation:

(1234
°={3 142

means that 0(1) =3,0(2) =1,0(3) =4,and o(4) = 2.
The same permutation can be pictured by drawing arrows from each input to its
output:

input 1 2 3 4

output 1 2 3 4
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Two-line notation is fine for small examples, but it quickly becomes clunky. A better
notation records how a permutation cycles elements around.

Definition 1.5.4. A cycle is a permutation of the form

(@raz ... ax),

which sends a; to ay, a to as, ..., ax_1 to ay, ai to a;, and fixes every other element.
A cycle of length 2 is called a transposition.

Example 1.5.5. In S5, the cycle (142) sends 1 — 4,4 — 2,2 — 1, and fixes 3 and 5. The
permutation
(142)(35)

sends 1 —4,4+— 2,2~ 1,3 +—5,and 5 — 3. The two disjoint cycles show up as two

separate directed components:
9
@@ §
(142) (35)

142

Definition 1.5.6. Two cycles are called disjoint if they move disjoint sets of elements.

Proposition 1.5.7. Disjoint cycles commute.

Proof. Suppose o and T are disjoint cycles. If x is moved by o, then t(x) = x, so
(07)(x) = o(x) = (to)(x).

The same argument works if x is moved by T, and if x is moved by neither cycle then
both compositions fix x. Therefore ot = 7o. |

Theorem 1.5.8. Every permutation in Sy, can be written as a product of disjoint cycles. Aside
from the order in which the disjoint cycles are written, this decomposition is unique if we ignore
1-cycles.

Proof. Let o € Sy,. Pick some element a € {1,...,n}. Repeatedly apply o:
a, ofa), o*(a), o>(a), ...

Since there are only finitely many elements, eventually this sequence repeats. Because
o is invertible, the first repeated element must be a, so these elements form a cycle

(a o(a) o?(a) ... o '(a)).



14 CHAPTER 1. INTRODUCTION TO GROUPS

If this cycle does not already involve every element of {1,...,n}, pick an element not
yet used and repeat the process. Continuing in this way produces disjoint cycles whose
product is exactly o.

For uniqueness, observe that the cycle containing a given element a is completely

determined by the orbit
a, o(a), o%(a),...

so there is no freedom except to reorder the disjoint cycles and omit fixed points. W
Example 1.5.9. Consider the permutation o € S; given by
o(1)=3, 0(3)=5, o(5) =1, 0(2)=4,0(4) =2, o(6) =6, o(7)="7.

Then
o= (135)(24).

We usually suppress the fixed points 6 and 7 rather than writing (6)(7). o

Exercise (1.5.1). Show that
(araz --- an) = (aran)(ayan—1)--- (ay az)(aj az)
for any n > 1.

Cycle notation makes inverses very easy to compute:

-1
(ajaz ... a) = (axax_1...axaq).

It also makes the order of a permutation easier to see. For example, (12 3) has order 3,
while (12)(34) has order 2.

Proposition 1.5.10. Every permutation is a product of transpositions.
Proof. It is enough to show that every cycle is a product of transpositions. But
(araz ... a) = (a1 a)(ay ax—1) - - - (a7 a).

Since every permutation is a product of cycles, it follows that every permutation is a
product of transpositions. n

Corollary 1.5.11. The symmetric group Sy, is generated by the transpositions.
In fact, one can say more: S, is generated by the adjacent transpositions
(12), (23), ..., (m—1n).

This fact lies behind the idea that any rearrangement can be built by repeatedly swap-
ping neighboring entries.
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Exercise (1.5.2). Prove that the order of an element in S,, is the least common multiple
of the lengths of the cycles in its cycle decomposition.

We will see later that Cayley’s theorem says that every group is isomorphic to a sub-
group of some symmetric group. Thus, in a sense, the symmetric groups are the most
fundamental groups.

Exercise (1.5.3). A reduced word for a permutation is a way to write the permutation
as a product of the smallest possible number of adjacent transpositions. Look up the
Rothe diagram or pipe dream of a permutation and compute one for (1423) € Sj.

Exercise (1.5.4). Find all numbers n such that S5 contains an element of order n.

1.6 DIHEDRAL GROUPS
Fix an integer n > 3, and let P, be a regular n-gon centered at the origin in the plane.
Label its vertices
VO/V1/ .- -Ivn—1
in counterclockwise order. Throughout this subsection, vertex subscripts are read mod-

ulo n.

Definition 1.6.1. An isometry of the plane is a function f : R> — RR? preserving Eu-
clidean distance:
d(f(A),f(B)) = d(A, B)

for all points A, B € R?.

A symmetry of Py is an isometry f : R? — R? such that f(P,,) = Py, as a set. This does
not mean that f fixes every point of Py,; it means that f moves the polygon onto itself.

Definition 1.6.2. The dihedral group Dy, is the set of symmetries of the regular n-gon P;,,
with group operation given by composition.

Remark 1.6.3. There are two common conventions for the notation. In these notes, D,
means the symmetry group of the regular n-gon, so |[D,| = 2n. Some authors call this
group D, instead, emphasizing its order rather than the polygon.

Proposition 1.6.4. The set D, is a group under composition.

Proof. The composition of two isometries is again an isometry. If f(P,) = P, and
g(Pn) = Pn, then

(fog)(Pn) =f(g(Pn)) = f(Pn) = Pn,
so fo g € Dy. Composition of functions is associative. The identity map is a symmetry
of P,,, and the inverse of a symmetry is again a symmetry. Therefore D, is a group. W

There are two basic kinds of symmetries.
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Definition 1.6.5. Let r € Dy, be counterclockwise rotation by 27t/n. Thus
(Vi) = Viq1.

The rotations in D,, are

e,r,rz,...,r“_1.

Definition 1.6.6. A reflection in Dy, is reflection across a line of symmetry of P,,. If n is
odd, each reflection line passes through one vertex and the midpoint of the opposite
side. If n is even, there are two kinds of reflection lines: those passing through two
opposite vertices, and those passing through the midpoints of two opposite sides.

There are n rotations and n reflections. To name the reflections efficiently, fix the
reflection s across the line through the origin and V;. With our labeling,

S(Vi) = V_i.

For example, when n = 6, the chosen generators look like this:

T
/ Vo Vo

Vi Vs Vi <,;' Vs
K
2

Vs Vi V5 mv Vy
V3 V3

(Vi) = Viy s(Vi) =V

Theorem 1.6.7. The dihedral group Dy has 2n elements.

Proof. First we show that there are at most 2n symmetries. Any symmetry sends ver-
tices to vertices and sends adjacent vertices to adjacent vertices. The image of V can
be any one of the n vertices. Once f(V))) is chosen, the image of V| must be one of the
two vertices adjacent to f(Vj).

Every symmetry fixes the center of P, and a plane isometry is determined by the
images of three non-collinear points. Thus the images of the center, V), and V; deter-
mine the whole symmetry. Therefore [Dy| < 2n.

Now we exhibit 2n distinct symmetries:

e,v,7%,..., " s,Ts, T8, ..., T s,

The rotations ' are distinct because (Vo) = V;i. The elements r's are distinct for the
same reason, since 1's(Vy) = V;. Finally, r* and r's are different because

(Vi) =Viq  but  1is(Vy) =1 (V) = Vi,

and Vi1 # Vi_j sincen > 3.
Hence D,, has at least 2n elements and at most 2n elements, so |D,| = 2n. [ |



CHAPTER 1. INTRODUCTION TO GROUPS 17

Remark 1.6.8. The rotations preserve the counterclockwise order of the vertices. The
reflections reverse that order. This is often the quickest way to tell the two types of
symmetries apart.

The two symmetries r and s generate the whole group. Their most important rela-
tions are

™=e, 2 =e, srsTl =17
Since s? = e, the last relation is often written as srs = 1.
Lemma 1.6.9. In D,,, we have srs™ = 1.

1

roof. Since s~' = s, it is enou o compare srs and r—' on the vertices. For every 1,
Proof. S t h t d ! on the vertices. F y

sts(Vi) = st(V_y) = s(Vi—¢) = Vi_1.

But ' (V;) = Vi_j as well. A symmetry of P, is determined by what it does to the
vertices, so sts = 11, [ |

Corollary 1.6.10. For every integer i, we have

srisT! =71,

Proof. This follows by applying Lemma repeatedly. Equivalently, conjugating by
s turns the basic rotation r into its inverse, so it turns r* into r . [ |

Theorem 1.6.11 (Normal form in Dy,). Every element of Dy, can be written uniquely in one
of the forms

Tt or T's,

where 0 <1< n.

Proof. The previous counting argument already exhibited the 2n distinct elements

e, v, 7%, .., 1 s,Ts, 125, ..., T s,

Since Dy, has exactly 2n elements, this list contains every element of D;,, and no ele-
ment occurs twice. |

Example 1.6.12. The group Dy, the symmetry group of the square, has 8 elements:

e, v, 7%, 13, s, 15, 125, 1.
Here 1 is rotation by 90°, r? is rotation by 180°, and 12 is rotation by 270°. The other
four elements are reflections. o

Exercise (1.6.1). The groups D4 and Qg both have 8 elements, and both are nonabelian.
Prove that they are not isomorphic.
Hint: compare the numbers of elements satisfying x*> = e in the two groups.
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1 1

Example 1.6.13. The group Dy, is not abelian for n > 3. Indeed, the relation sts™" =1~
gives

sT=1"s.
If st = s, thent's =1s,s0r ! =7 by cancellation. This would imply 2 =g,
contradicting the fact that r has order n > 3. o

Informally, we summarize everything above by writing the presentation

2

Dp=(r,s|™=e s?=¢ srs | =11).

The symbols r and s generate the group, and the listed relations are enough to reduce
any word in r and s to the normal form 1" or r's.
For example, since s’ = v Js, multiplication in normal form is governed by

) =), ™ (r)s) =115,

(r's)r) = r*Ts, (r's)(r's) =17,
where the exponents are read modulo n.

Exercise (1.6.2). In Ds, simplify each expression to the form r* or r's with 0 < i < 5:

ST’ZS, T‘38T‘4, ST‘3ST.

1.7 HOMOMORPHISMS AND ISOMORPHISMS: FIRST PASS
In this section we make precise the notion of when two groups “look the same”.

Definition 1.7.1. Let G, G, be groups. A homomorphism from G to G; is a function
@ : G; — G; such that

©(g9192) = @(g1)e(92)

tor all g1, g2 € Gy. An isomorphism is a homomorphism which is also a bijection. In this
case, we'll write G = H.

It's the same as a map on sets, but it needs to respect the group structure of the
domain and codomain. Two groups G and H are isomorphic if we can obtain H from G
by just renaming elements. Very often we care about groups only up to isomorphism.
For instance, the group Z* = {1, —1}is isomorphic to Z/2Z by f(1) = 0and f(—1) = 1.
We could loosely say that Z* and Z/2Z are the same group, even though they are
written differently.

Example 1.7.2. The determinant gives a homomorphism
det: GL,(R) — R*,

since det(AB) = det(A)det(B) for all A,B € GL,(IR). However, det is not an iso-
morphism, since it is not injective. It is surjective though, since the determinant of a
diagonal matrix can be any nonzero real number. o
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Example 1.7.3. The exponential map exp : R — R" defined by exp(x) = €* is an
isomorphism from (R, +) to (R, ), since exp(x +y) = exp(x) exp(y) forall x,y € R,
and exp is a bijection (it has inverse In). o

Example 1.7.4. The inclusion t : GL,(Z) — GL,(IR) is a homomorphism: when you
multiply two integral matrices you get the same answer whether you think of the inte-
gers as integers or as real numbers! Note that this homomorphism is injective. That is,

GL,(Z) is a subgroup of GL(R). o
Example 1.7.5. We have S,, = S;,, if and only if n = m since |S,,| = n! and [Si| = m!,
and the order of a group is preserved by isomorphism. o
Example 1.7.6. Since Z /6Z. is abelian and S; is not abelian, we conclude that Z /6Z #*
S 3. <&

Exercise (1.7.1). Prove that the multiplicative groups R \ {0} and C \ {0} are not isomor-
phic.

Example 1.7.7. The reduction map
Tin : Z — Z./nZ, mh(a) =T,
is a homomorphism from (Z, +) to (Z/nZ,+), because
m(a+b)=a+b=a+b=m,(a)+m(b). o

Example 1.7.8. Homomorphisms out of cyclic groups are completely determined by
one element. If G = (g) and f: G — H is a homomorphism, then

f(g™) = f(g)™.

Thus once you know f(g), you know f on every element of G. In particular, a homo-
morphism Z — H is determined by the image of 1. o

Group homomorphisms preserve the group structure. In particular, group homo-
morphisms preserve the identity element and all inverses:

Lemma 1.7.9. Let f : G — H be a group homomorphism. Then f(eg) = ey. Moreover, for
every g € G, we have f(g~") =f(g)7".
Proof. We have
f(eg) = fleceg) = f(eg)f(ec),
so f(eg) is an idempotent element of H. The only idempotent element of a group is the
identity, so f(eg) = ep.
For the second part, we have

en = fleg) =f(gg™") = f(g)f(g "),

sof(g ) isa right inverse of f(g). Similarly, we can show that f (g7") is a left inverse
of f(g), and thus f(g~') = f(g)~". [ |
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Remark 1.7.10. Given a group G generated by a set S, any homomorphism G — H is
completely determined by the images of the generators in S. In particular, if we want
to construct a homomorphism from G to H, it suffices to specify the images of the
generators in S and check that the relations in G are satisfied in H.

Definition 1.7.11. The image of a homomorphism f : G — H is the set {f(g)[g € G}.
The kernel of f is the set{g € G|f(g) = en}-

Exercise (1.7.2). Prove that the image of a homomorphism is a subgroup of H and the
kernel of a homomorphism is a subgroup of G.

Remark 1.7.12. Given any group homomorphism f : G — H, we must have eg € kerf
since f(eg) = en.

When the kernel is as small as possible, meaning ker(f) = {e}, then we say that the
kernel is trivial. A homomorphism is injective if and only if its kernel is trivial, and a
homomorphism is surjective if and only if its image is all of H.

Lemma 1.7.13. A group homomorphism f : G — H is injective if and only if ker f = {eg}.

Proof. 1f f is injective, then the only element of G that maps to ey is eg, so ker f = {eg}.
Conversely, if ker f = {eg} and f(g7) = f(gz), then

en = f(g1)f(g2) ™' = flg19; "),
SO 91951 € kerf. Since ker f = {eg}, we have 91951 = eg, 80 g1 = ¢. Therefore, f is
injective. |

The easiest way to show that two groups are not isomorphic is to find a property
that one group has but the other does not. For example, S3 is not isomorphic to Z/6Z
because S3 is not abelian while Z /6Z is abelian.

Exercise (1.7.3). An isomorphism G — G is called an automorphism of G. Prove that
the set of automorphisms of a group G forms a group under composition, called the
automorphism group of G and denoted Aut(G).

Exercise (1.7.4). Let G be any group. Prove that the map from G to itself defined by
g — g~ is an automorphism if and only if G is abelian.

1.8 GROUP ACTIONS: FIRST PASS
Group actions provide the perspective under which groups describe “symmetries”.
The confusing thing about the word “symmetries” is that it is being used in a technical
sense. You can think of a group action as a way for a group to act on a set, moving its
elements around in a way that respects the group structure.
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Definition 1.8.1. Let G be a group and let X be a set. A left action of G on X is a rule that
assigns to each g € G and each x € X an element g-x € X (soamap G x X — X) such
that

* e-x =x forevery x € X.
* (gh)-x=g- (h-x) forevery g,h € G and every x € X.

Example 1.8.2. The dihedral group D, acts on the set of vertices of a regular n-gon. A
rotation or reflection sends each vertex to another vertex, and composing symmetries
agrees with the group operation in D,. o

Example 1.8.3. The symmetric group S, acts on {1,...,n} by o-i = o(i). This is the
most basic example of a permutation group acting on a set. o

Note that we’ve already been thinking about D, and S, using group actions. Rather
than thinking about them as being made up of abstract elements, we’ve been thinking
of them as symmetries of some set. Symmetry here means: a bijection from the set to
itself.

For each fixed g € G, we get a map o4 : X — X defined by o4(x) = g - x.

Proposition 1.8.4. Let G act on a set X. For each g € G, the map o4 : X — X is a bijection.
Moreover, the assignment

p:G—Sym(X),  p(g) = og
is a group homomorphism.

Proof. The map 0,1 provides the inverse of og:

(crgq 0 0g)(x) :g_1 (g-x) = (g_1g)~x:e-x:x,

and similarly (o4 o Og-1 )(x) = x. Thus oy is a bijection.
To check that p is a homomorphism, let g, h € G. For every x € X,

p(gh)(x) = (gh)-x =g~ (h-x) = (p(g) o p(h))(x).
Hence p(gh) = p(g) o p(h). |

The homomorphism p : G — Sym(X) is called the permutation representation associ-
ated to the action. Conversely, any homomorphism p : G — Sym(X) gives an action of
G on X by the rule

g-x=p(g)x).
Thus a group action is the same thing as a way to represent elements of G as permuta-
tions of a set.
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Example 1.8.5. The action of Dy, on the vertices of a regular n-gon gives a permutation
representation
p . Dn — Sym({\/o, . .,V—nf]}) = Sn.

If r is the rotation with r(V;) = Vi;1, then p(r) is the cycle
(Vo Vi -+ V).

If s is the reflection with s(V;) = V_j, then p(s) is the permutation of the vertices deter-
mined by V; + V_;. So the abstract relation srs = r~' can be seen directly as a relation
among permutations of the vertices. o

Example 1.8.6. Every group G acts on itself by left multiplication:
g-Xx=gx.
The associated permutation representation is
A:G — Sym(G), Alg)(x) = gx.

This homomorphism is injective: if A(g) is the identity permutation of G, then it fixes
e, so

g =ge =Alg)le) =e.
Thus G is isomorphic to the subgroup A(G) < Sym(G). o
Theorem 1.8.7 (Cayley’s theorem). Every finite group is isomorphic to a subgroup of Sy.

Proof. Let G be a finite group with |G| = n. By the previous example, G is isomorphic
to a subgroup of Sym(G). Since G has n elements, choosing a labeling of the elements
of G identifies Sym(G) with S;,. [ |

From a practical perspective, this is a nearly useless theorem. It is, however, a
beautiful fact.

Exercise (1.8.1). Matrix groups also act naturally on vector spaces. For example, let
Ci=(r|"=¢e)
be the cyclic group of order 4, and let
0 —1
)
Show that there is a group action C4 on GL;(R) given by *.v = Rky for v € R2.

This is a small example of a representation: instead of representing group elements as
permutations of a set, we represent them as invertible matrices acting on a vector space.
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Example 1.8.8. Every group G also acts on itself by conjugation:

g-x=gxg .

This action measures how far a group is from being abelian. If G is abelian, conjugation
does nothing, since gxg~! = x for all g,x € G. o

Later we will attach two important pieces of information to an action: the orbit of
a point, which records where the point can move, and the stabilizer of a point, which
records which group elements fix it.
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SUBGROUPS

2.1 DEFINITIONS AND EXAMPLES
As a reminder:

Definition 2.1.1. A subgroup of a group (G, *) is a group (H, *) such that H C G and
the operation on H is the operation on G restricted to H. We write H < G to mean that
H is a subgroup of G.

Proposition 2.1.2 (Standard sources of subgroups). Let G be a group.

1.
2.

IfK <Hand H < G, then K < G.

If {Ha}aea is any collection of subgroups of G, then
(1 Ha
x€EA

is a subgroup of G.

. Aff: G — Kis a group homomorphism and H < G, then

f(H) ={f(h) |h € H}
is a subgroup of K.
If f: G — Kis a group homomorphism, then ker(f) < G.

The center
Z(G)={z€ Glzg=gzforall g € G}

is a subgroup of G.

Proof. We prove the less immediate items with the one-step test.

For intersections, if the collection is empty, then the intersection is all of G. Oth-
erwise, every subgroup Hy contains eg, so the intersection is nonempty. If x,y €
Naeca Ho, then x,y € Hy for every «, so xy’] € Hg for every o. Hence qu is in
the intersection.

24
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For images, note that im(f) is nonempty since it contains f(eg) = ex. If x,y € im(f),
then x = f(a) and y = f(b) for some a,b € G, and

xy_] = f(a)f(b)™' = f(ab™') € im(f).

This proves im(f) < K. The same argument applied to the restriction of f to H proves
that f(H) < K.
For kernels, if x,y € ker(f), then

fxy™") = f(x)f(y) " = exey' = ek,

soxy~' € ker(f).
Finally, suppose x,y € Z(G). Since y commutes with every element of G, so does
y~'. For any g € G, we have

1 1

ey g =x(y"g) =x(gy™) = (xgly ™' = (g)y ™" = gxy .
Thus xy~' € Z(G),so Z(G) < G.
The first item follows directly from the definition. |

Exercise (2.1.1). Let H and K be subgroups of G. Prove that H U K is a subgroup of G if
and only if H C Kor K C H.

Definition 2.1.3. Let f : G — K be a group homomorphism and let L < K. The preimage
of L under f is
(L) ={g € G| f(g) € L.

Exercise (2.1.2). Prove that if f : G — K is a group homomorphism and L < K, then
(L) < G.

Definition 2.1.4. Let X be a subset of a group G. The subgroup generated by X, denoted
(X), is the intersection of all subgroups of G which contain X:

X)y= (1 H
H<G
XCH

If X = {x} has one element, we write (x) instead of ({x}) and call it the cyclic subgroup
generated by x.

The subgroup (X) really is a subgroup by Proposition By construction, it is
the smallest subgroup of G containing X: every subgroup containing X also contains

(X)-

Proposition 2.1.5. Let X be a subset of a group G. Then
(X) =037 xpm m >0, x € X, ny € Z).

Here the product with m = 0 is defined to be the identity element.
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Proof. Let
S={"---xpmm>0,x€X, n€Z}.

Since (X) is a subgroup containing X, it must contain all finite products of elements of
X and their inverses. Thus S C (X).
Conversely, S contains eg by allowing the empty product. If a,b € §, say

Nm Te

— 41 .M
a=x;" Xy and b=y -y,

then
—1 n ma T -T
ab™ =x;" Xy, ey €S,

Hence S < G by the one-step test, and X C S. Since (X) is the smallest subgroup
containing X, we have (X) C S. [

If (S) = G, we say that S generates G, or that S is a set of generators for G.

Exercise (2.1.3). Let f : G — H be a group homomorphism and let A C G. Prove that
f((A)) = (f(a) | a € A).
Deduce that if A generates G, then f(A) generates im(f).

Exercise (2.1.4). Prove that the set of rotations in Dy, is a subgroup of D,,. Prove that
this subgroup is isomorphic to Z /nZ.

Exercise (2.1.5). Let

Dnp=(rs|™=e s?=¢ sts=1").

For an integer k, prove that
(s, Ts) = (s,7).

Determine the order of this subgroup in terms of gcd(n, k).

Exercise (2.1.6). Prove that S, is generated by the adjacent transpositions

(12), (23), ..., (m—1n).

2.2 GENERATORS AND RELATIONS
Now that generated subgroups are defined, we can use them to talk about groups with
chosen generating sets.

Definition 2.2.1. A group G is called cyclic if it can be generated by a single element. A
group G is finitely generated if it can be generated by a finite set of elements.

Example 2.2.2. The group Z has one generator, the element 1, since every integer is a
sum of copies of 1 and —1. Thus Z = (1). o
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Example 2.2.3. The group Z/nZ is cyclic: Z/nZ = (1). This means every residue
class is obtained by adding 1 to itself some number of times. o

Definition 2.2.4. For an element x in a group G, define the order of x to be the smallest
positive integer n such that x™ = e. We denote this integer |x|. If no such positive
integer exists, we say that x has infinite order.

Example 2.2.5. The order of —1 in Q* is 2, since (—1 )2 = 1 and there is no smaller
positive integer n such that (—1)" = 1. The order of 1 in Z is infinite. o

Note that any element of a finite group has finite order. The proof is: consider an
infinite sequence 1,9, g%, .... Since the group is finite, there must be some repetition
in this sequence. That is, there exist integers m > n > 0 such that g™ = g". Thus
g™ ™ = e, and so g has finite order.

Exercise (2.2.1). Prove that every cyclic group is abelian.
Exercise (2.2.2). Prove that (Q, +) and GL;(Z;) are not cyclic groups.

Exercise (2.2.3). We can define an equivalence relation on rational numbers by declar-
ing two rational numbers to be equal whenever they differ by an integer. We denote
the set of equivalence classes by Q/Z.

1. For each n, prove that Q/Z has a subgroup of order n.

2. Prove that Q/Z is a divisible group: that is, if x is an element of Q/Z and n is an
integer, there exists an element y of Q/Z such that ny = x.

3. Prove that Q/Z is not finitely generated. (Hint: prove that if x1,..., X4 is a finite
subset of Q/Z, the subgroup generated by x1, ..., x4 is finite.)

4. Conclude that Q is not finitely generated.

Exercise (2.2.4). Let G be a group and let S C G. The directed Cayley graph Cay(G, S)
has vertex set G, with a directed edge

g—9s

for every g € G and every s € S. In additive notation, the edges are g — g + .
Draw the directed Cayley graphs of Z/6Z with respect to each of the following
subsets:

m, 2 23 {25

Which of these subsets generate Z/6Z? What feature of the graph detects whether the
subset generates the group?



28 CHAPTER 2. SUBGROUPS

Another way to organize the information of a group is by giving a presentation. For
now this is only a preview; presentations become much more natural after quotient
groups.

Definition 2.2.6. A presentation for a group is a way to specify a group in the following
format:

G = (set of generators | set of relations).

A relation is an identity that holds between the generators. We usually record just
enough relations so that every other valid equality between the generators can be de-
duced from these relations.

Example 2.2.7. The group Z has one generator, the element 1, which satisfies no rela-
tions. So we can write Z = (1). o

Example 2.2.8. The following is a presentation for the group Z/nZ:
Z/nZ = (a|a™ =e). o

In general, given a presentation, it is very difficult to prove that certain expressions
are not actually equal to each other. In fact, there is no algorithm that, given a group
presentation as input, can decide whether the group is actually the trivial group with
one element.

More strikingly, there exists a finite presentation whose triviality is independent of
the usual axioms of set theory.

2.3 Cycric GROUPS IN DETAIL

Recall that a group G is cyclic if G = (x) for some element x € G. In this case we call x
a generator of G. In this section, we do our first classification task of groups: we classify
all cyclic groups up to isomorphism.

Theorem 2.3.1. Let G = (x) be a cyclic group.

1. If x has infinite order, then G is infinite and the elements

-2 1 2
X 5,XT e, X, X5,

are all distinct. In particular, G = Z.

2. If x has finite order n, then
G = {e,x,xz,. . .,x“_l}

and |G| = x| = n. In particular, G = Z /nZ.
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Proof. First suppose x has infinite order. Since G = (x), every element of G has the

form x™ for some m € Z. If x® = x? with a > b, then x®° = ¢, contradicting the

assumption that x has infinite order. Thus all powers of x are distinct. The map
Z — G, m+— x™

is therefore a bijective homomorphism from (Z, +) to G.
Now suppose [x| = n. The elements

e =x%xx%...,x"!
are distinct: if x! = ¥ with0 < i< j < n,then Xt = ewith0 < j —1 < n, contradicting
the minimality of n.
Finally, every integer m can be written as m = qn +r with 0 < r < n, and then

XM — Sy qntr (Xn)qxr .

Thus the displayed list contains every element of G.
It remains to prove the isomorphism statement. Define

b:Z/nZ — G, o(m) =x™.
Its easy to check this is well-defined and a homomorphism. It is surjective because
every element of G is a power of x. It is injective beca1_15e if (M) = e, then x™ = ¢, so
n divides m by the minimality of n = |x|. Hence m = 0. Thus ¢ is an isomorphism, so

G=Z/nZ. [ |

So up to isomorphism, the only cyclic groups are Z and Z/nZ for n > 1. More
than this: every subgroup of these are also cyclic.

Exercise (2.3.1). Let G be a group and let g € G. Define
Qg:Z — G, Qg(n) = g™
1. Prove that @4 is a group homomorphism.
2. Prove thatim(¢4) = (g).
3. Determine ker(@4) when g has finite order m.
4. Determine ker(¢4) when g has infinite order.

Proposition 2.3.2. Every subgroup of a cyclic group is cyclic.
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Proof. Let G = (x) be a cyclic group, and let H < G. If H = {e}, then H is cyclic.
Otherwise, let n be the smallest positive integer such that x™ € H. We claim that
H = (x").

Since x™ € H, we have (x") < H. Conversely, take any element x™ € H. Write
m = gn+rwith 0 <r <n. Then

x" =xm9 =xM(x")"9 € H.
By the minimality of n, we must have r =0, so x™ € (x™). Thus H = (x™). [

But which subgroups of a cyclic group are there? The answer is that they corre-
spond to the divisors of the order of the group.

Lemma 2.3.3. Let G be a group and let x € G have finite order n. If x™ = e for some integer
m, then n divides m.

Proof. By the division algorithm, write
m=qn+r
with 0 < r < n. Since x™ = e and x™ = e, we have
e =x"M=xI"" = (xM)Ix" = x".
By the minimality of n = [x], this forces r = 0. Hence n divides m. [ |
Theorem 2.3.4. Let G = (x) be a cyclic group of order n. For any integer k,

k| _ n
~ gad(n, k)’

Ix

In particular,
(x*) =G ifand onlyif gcd(n,k) =1.

Proof. Set d = gcd(n, k), and write n = da and k = db with gcd(a,b) = 1. Lety = XK.
Then

ya — Xka — dea — an —=e,

so [y| divides a by Lemma

On the other hand, y¥' = e, so x*¥/ = e. Again by Lemma n divides klyl.
Substituting n = da and k = db, we get da | dblyl|, and hence a | bly|. Since gcd(a, b) =
1, it follows that a | |y|.

Thus |y| divides a and a divides |y|, so

k|:

X =lyl=a=

"
ged(n, k)’

The final statement follows because x* generates G exactly when XX = |G| = n. [ |
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Example 2.3.5. In Z /nZ, the element k generates the whole group if and only if ged(n, k) =i
1. For example, the generators of Z/12Z are 1,5,7, or 11. o

Exercise (2.3.2). Let x,y € G commute, and suppose [x| = m, [y| =n, and ged(m, n) =
1. Prove that |xy| = mn. Give an example showing the coprime hypothesis cannot
simply be omitted.

Proposition 2.3.6. Let G = (x) be a finite cyclic group. The subgroups of G are in bijection
with the positive divisors of |G|:

d—s (x61/ay,

Proof. Letn = |G|. If d is a positive divisor of n, then by Theorem

n/d; _ n n

~ gad(n,n/d) T n/d d.

Ix

Therefore (x™/4) is a subgroup of G of order d. Since different divisors give subgroups
of different orders, the assignment is injective.

It remains to show that every subgroup appears this way. Let H < G. By Propo-
sition H is cyclic, so H = (x*) for some integer k. Set d = |H|. Again by Theo-
rem[2.3.4]

k| _ n
~ gad(n, k)’

Set s = gcd(n, k) =n/d. Then k = sb and n = sd for some integer b with ged(b, d) =
1. Inside the cyclic group (x*) of order d, the element

d=|x

is a generator. Hence
H= () = () = (xV9).
Thus every subgroup is in the image, so the assignment is a bijection. |

Exercise (2.3.3). List all subgroups of Z/18Z.

Exercise (2.3.4). Show that if a finite group G has a unique subgroup of order d for each
positive divisor d of |G|, then G is cyclic.

Exercise (2.3.5). Prove that the following groups are not cyclic: Z/2Z x Z./ 27, 7./ 2Z x|
Z,and Z x Z.

Exercise (2.3.6). Prove that Z/mZ x Z /nZ is cyclicif and only if gcd(m,n) = 1. When
it is cyclic, exhibit a generator.
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This completes a classification of cyclic groups and their subgroups. For a general
finite group, the divisors of |G| do not control subgroups so cleanly. The main Sylow
theorem is the strongest general substitute: if

IGl=p'm with ptm,

then G has a subgroup of order p'; all such subgroups are conjugate; and the number
of such subgroups divides m and is congruent to 1 modulo p. We will not prove this
theorem here, but it is one of the main tools for understanding finite groups beyond
the cyclic case.

Exercise (2.3.7). Let p be a prime and let n be a positive integer. Show that if x is an
element of the group G such that xP" = e, then |x| = p™ for some integer m < n.

Exercise (2.3.8). Show that (Z/2"Z)* is not cyclic for n > 3.



CHAPTER 3

QUOTIENT GROUPS

Recall the construction of Z/nZ: we put an equivalence relation on Z, take equiv-
alence classes, and then add classes by choosing representatives. This was our first
quotient group. We now seek to generalize and understand this construction for arbi-
trary groups G. This will be another way to obtain a "smaller" group from G, and it can
also be used to study the structure of G, like subgroups did.

Here is a perspective that helped me a lot: The study of quotient groups of G is
essentially equivalent to the study of homomorphisms of G to another group. Let
¢@ : G — H be a homomorphism and recall that the fibers of ¢ are the sets of elements
of G projecting to single elements of H. You can picture this as in the following figure.

( 7

¢ (a) ¢ '(b) @ '(ab)

— T

Y Y — im(@) C H
a b ab

The group operation in H provides a way to multiply two elements a and b in
the image of ¢. This gives a natural multiplication of the fibers lying above those two
points. This then makes the set of fibers into a group. This is a quotient group — G has
been partitioned into pieces and these pieces have the structure of a group.

Since the multiplication of fibers is defined from multiplication in H, it is easy to
see an important fact: this quotient group is isomorphic to im ¢. We now need to
make all of this precise: how do we form a quotient group from a group G without
having a homomorphism to another group? The answer is that we need to find a way
to partition G into pieces that “behave like fibers”, and we will see that the answer is
normal subgroups.

33
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3.1 COSETS AND LAGRANGE’S THEOREM
Definition 3.1.1. Let ~ be an equivalence relation on a group G. We say that ~ is com-
patible with multiplication if, whenever x ~ y, we also have

Xz ~ Yz and zZx ~ zy
forevery z € G.
Lemma 3.1.2. Let G be a group and let ~ be an equivalence relation on G. The rule
[x] - ly] = [xy]

is well-defined on the set of equivalence classes G/~ if and only if ~ is compatible with multi-
plication. In that case, G/~ is a group under this operation.

Proof. Suppose first that ~ is compatible with multiplication. If [x] = [x/] and [y] = [y'],
then x ~ x" and y ~ y’. Compatibility gives

xy~xy and x'y~xy’,
so by transitivity xy ~ x'y’. Hence [xy] = [x'y’], and the product of classes is well-
defined.
Conversely, suppose [x] - [y] = [xy] is well-defined. If x ~ x’, then [x] = [x'], so for
anyz € G,

[xz] = [xl[z] = x'][z] = [x'zl.

Thus xz ~ x'z. Similarly,
[zx] = [zl[x] = [z][x'] = [zx/],

so zx ~ zx'. Therefore ~ is compatible with multiplication.
Finally, if the operation is well-defined, the group axioms are inherited from G:

X](llz]) = xllyz] = x(yz)] = [(xy)z] = xyllz] = (X]ly])[z],
the identity is [eg], and the inverse of [x] is [x~ 1. [ |

Definition 3.1.3. If ~ is an equivalence relation on a group G compatible with multi-
plication, then the group G/~ of equivalence classes is called the quotient group of G by

~

Example 3.1.4. Let G = Z and fix an integer n > 1. Let ~, be congruence modulo n.
This equivalence relation is compatible with addition, and

2/~ =2Z/nZ. o

Now we need a systematic way to produce equivalence relations on groups. Sub-
groups give the most important examples.
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Definition 3.1.5. Let H < G be a subgroup. A left coset of H in G is a subset of G of the
form
gH ={gh|h € H}

for some g € G. A right coset of H in G is a subset of G of the form
Hg ={hg | h € H}
for some g € G.

Example 3.1.6. Let G = Z and let H = nZ = {nk | k € Z}. Since Z is abelian, the left
and right cosets are the same:

a+nZ ={a+nk|k e Z}.
These are exactly the congruence classes modulo n. o

Lemma 3.1.7 (Coset criterion). Let H < G and let x,y € G. Then

1

xH=yH <+ vy xeH < queH.

1

Equivalently, x and y lie in the same left coset of H exactly wheny~'x € H. The same statement

holds for right cosets.

Proof. If xH = yH, then x € yH, so x = yh for some h € H and hence y~'x = h € H.
Conversely, if y 'x = h € H, then x = yh, and

xH =yhH =yH.

Since H is closed under inverses, y~'x € H if and only if x 'y = (y~'x)~' € H. The
right coset statement is exactly the same. u

Proposition 3.1.8. Let H < G. The left cosets of H in G partition G, and the right cosets of H
in G also partition G.

Proof. We prove the statement for left cosets. Every element g € G belongs to at least
one left coset, namely gH, since g = geg and eg € H.

Now suppose two left cosets xH and yH intersect. Choose z € xH NyH. Then z lies
in the same left coset as x and also in the same left coset as y. By Lemma xH = zH
and zH = yH, so xH = yH. Thus any two left cosets are either equal or disjoint. n

Proposition 3.1.9. Let H < G. Ewvery left coset and every right coset of H has the same
cardinality as H. More precisely, for every g € G,

IgH| = [H| = [Hgl.
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Proof. The map
H — gH, h— gh

is surjective by definition of gH. It is injective because gh; = gh; implies h; = h; after
multiplying on the left by g~ '. Thus |gH| = [H|.
Similarly, the map
H — Hg, h — hg

is a bijection, so [Hg| = [H]. [ |

Definition 3.1.10. The index of a subgroup H in a group G, denoted [G : HJ, is the
number of left cosets of H in G. Equivalently;, it is the number of right cosets of H in G.

Now, we prove a statement older than the modern definition of a group. Lagrange’s
theorem says that the order of a subgroup must divide the order of the group.

Theorem 3.1.11 (Lagrange’s theorem). Let G be a finite group and let H < G. Then
|Gl = [HI[G : H].
In particular, |H| divides |G|.

Proof. The left cosets of H partition G, and each left coset has |H| elements. If there are
[G : H] left cosets, then
|G| = [H[[G : H].

One reason Lagrange’s theorem is important is that it turns counting information
about a group into arithmetic information about its elements.

Example 3.1.12 (Fermat’s little theorem). Let p be prime. The nonzero congruence
classes modulo p form a group under multiplication:

(Z/pZ)* ={1,2,...,p—1}

This group has p — 1 elements. If a is an integer not divisible by p, thena € (Z/pZ)*.
By Lagrange’s theorem, the order of the subgroup (a) divides p — 1. Therefore

ar'1=17,

or equivalently
aP'=1 (mod p).

This is Fermat's little theorem. If p { a, multiplying both sides by a gives
aP =a (mod p)

and if p | a, the same congruence is immediate. o
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The converse of Lagrange’s theorem is false: if d divides |G|, there need not be
a subgroup of G of order d. The strongest general converse is given by the Sylow
theorem, which we will not prove.

Theorem 3.1.13 (Sylow). If p is prime and p® divides |G|, then G has a subgroup of order p°.

At this point, these cosets are looking a lot like the equivalence classes we need to
form a quotient group, or the fibers of a homomorphism we introduced in the begin-
ning. That is, what we’d like to do is use x ~ y if x and y are in the same coset. But
there is a critical problem: the left and right cosets need not be the same. This is exactly
the obstruction to ~ being compatible with multiplication.

Example 3.1.14. Let G = Dy, and let H = (s) = {e, s}, where s is a reflection. The left
cosets of H are

VA 7 V4 7 7 J a 7 - .
{e, s}, {r,rs} {rz s} " 1 n=lg)

The right cosets are
{e, s}, {r,v 7 "s), (12, v 2s), ..., (7 r (),

These lists need not be the same. For example, 1 lies in the left coset {r, s}, while its
right coset is {r, rTs}. Since |Dy| = 2n and [H| = 2, we have [Dy, : H] = n. o

If we choose certain subgroups it works out:

Example 3.1.15. Again let G = Dy, but now let K = (r) be the subgroup of rotations.

The left cosets are

K and sK ={s, sr,...,sr“_1}

7

while the right cosets are
K and Ks ={s,rs,...,m™ sk

In this case sK = Ks, so the left and right cosets agree. Since |[K| = n, we have [Dy, :
K] = 2. o

This is because K is a normal subgroup of D;, which we will explore in the next
section.

Exercise (3.1.1). In S3, let H = ((12)). List the left cosets of H. Then show directly that
the rule

(xH)(yH) = xyH

is not well-defined.
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3.2 NORMAL SUBGROUPS
The examples at the end of the previous section show that left and right cosets do not
always agree. This is exactly the obstruction to multiplying cosets in a sensible way.
The subgroups for which this obstruction disappears are called normal subgroups.

Definition 3.2.1. We say that N < G is a normal subgroup of G, written N < G, if
gNg™' =N
for every g € G.

The element gng~' is called the conjugate of n by g. Thus a subgroup is normal if it
is closed under conjugation by every element of the ambient group.

Remark 3.2.2. Just to be clear, you dont ask if a group is normal. Normality is a property
of a subgroup inside a group, and it has very little to do with the actual structure of the
subgroup.

Here are many examples of normal subgroups.
Example 3.2.3. Every group G has two trivial normal subgroups:

{eg} < G and G <G. o

Example 3.2.4. Every subgroup of an abelian group is normal. Indeed, if G is abelian
and H < G, then
ghg' =gg 'h=h

forall g € G and h € H. Hence gHg™! = H for every g € G. o
Example 3.2.5. More generally, for any group G, the center
Z(G)={z€ G|zg=gzforall g € G}

isnormal in G. o
Exercise (3.2.1). Prove that the kernel of a group homomorphism is a normal subgroup.

The following proposition gives some useful criteria for checking normality.
Proposition 3.2.6. Let N < G. The following conditions are equivalent:

1. NJG.

2. gNg~" C N forevery g € G.

3. gN = Ng forevery g € G.
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Proof. Clearly (1) implies (2). Conversely, if gNg~! C N for every g € G, then applying
this to g~' gives g7'Ng C N. Conjugating by g gives N C gNg~',s0 gNg~' = N. Thus
(1) and (2) are equivalent.

Also, gNg~! = N if and only if gN = Ng, by multiplying on the right by g. Thus
(1) and (3) are equivalent. [

Exercise (3.2.2). Prove that every subgroup of index 2 is normal.

Exercise (3.2.3). Let f : G — H be a group homomorphism and let K < H. Prove that
f1(K) < G.

So how do we find normal subgroups? We’ve already show that kernels of homo-
morphism are normal, but in fact, these are the only examples.

Proposition 3.2.7. A subgroup N < G is normal if and only if it is the kernel of some homo-
morphism f : G — H.

Proof. Deferred till later. |

Remark 3.2.8. The relation “is a normal subgroup of” is not transitive. Let
V={e (12)(34),(13)(24),(14)(23)} < Ss4.
One can show that V < §4. Since V is abelian, the subgroup
A ={e, (12)(34)}
is normal in V. But A is not normal in S4, because
(13)(12)(34)(13)71 = (14)(23) ¢ A.

We will end with an example which is part of the motivation for Galois to create
group theory.

Definition 3.2.9. A permutation in S,, is even if it can be written as a product of an even
number of transpositions. The alternating group A, is the set of all even permutations
in Sy,.

Remark 3.2.10. In Chapter 1 we proved that every permutation is a product of trans-
positions. What is not obvious is that the parity of the number of transpositions is
well-defined: a permutation cannot be written both as a product of an even number
of transpositions and as a product of an odd number of transpositions. Equivalently,
there is a well-defined homomorphism

sgn: Sy —{1,-1},

which sends even permutations to 1 and odd permutations to —1.
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Proposition 3.2.11. For n > 2, the alternating group Ay is normal in S,.

Proof. By the previous remark, A, = ker(sgn). Since kernels of homomorphisms are
normal, A,, < S,,. [ |

Remark 3.2.12. At the time, formulas for solving polynomial equations were being
sought (like the quadratic formula). Such formulas were known for polynomials of
degree 2, 3, and 4, but not for degree 5 or higher. He wanted to show that a general
quintic polynomial is not solvable by radicals. We will return to this story later and
sketch how he proved this.

3.3 QUOTIENT GROUPS
We now arrive at the point of normal subgroups: they are exactly the subgroups for
which we can multiply cosets in a well-defined way.

Theorem 3.3.1. Let N < G. The operation
xN -yN = xyN
makes the set of left cosets of N in G into a group if and only if N < G.

Proof. Suppose N < G. We first check that the operation is well-defined. If xN = x'N
and yN = y’N, then x’ = xn; and y’ = yn; for some n;,n, € N. Since N is normal,
y~'myy € N, and hence

X'y’ =xnyn, = XU(UATHU)TLZ € xyN.

Therefore x'y’N = xyN. The identity is N, the inverse of gN is g~'N, and associativity
follows from associativity in G.

Conversely, suppose the formula gives a well-defined group operation on the set of
left cosets. If n € N and g € G, then gN = gnN, so well-definedness gives

N = (gN)(g™'N) = (gnN)(g"'N) = gng~'N.
Hence gng~' € N. By Proposition3.2.6, N < G. |

Definition 3.3.2. Let N < G. The quotient group G/N is the group whose elements are
the left cosets of N in G, with multiplication

(xN)(yN) = (xy)N.
The identity element is egN = N and the inverse of gN is (gN)~' = g~'N.

This is the same quotient group as G/~n, where ~\ is the equivalence relation de-
fined by x ~n y if and only if x 'y € N. The equivalence classes of ~y are exactly the
left cosets of N in G.
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Remark 3.3.3. Since N is normal, the left and right cosets of N agree. Thus we can also
view G/N as the set of right cosets of N in G, with multiplication

(Nx)(Ny) = N(xy).
Remark 3.3.4. The order of the quotient group is the index of N in G:

|G/N| =[G : N].
If G is finite, then Lagrange’s theorem gives
G
|IG/N| = —-.
N

Example 3.3.5. Since A,, = ker(sgn), the quotient S,, /A, has two elements. The non-
trivial coset is the set of odd permutations, and

Sh/AL=Z/27.
fod

Exercise (3.3.1). Let N < G and let g € G. Prove that the order of gN € G/N is the
smallest positive integer m such that g™ € N, if such an m exists. Use this to compute
the orders of all elements of

(2/122Z)/ (4).

Remember the motivation from the beginning of this chapter: we should think of
the quotient group G/N as the set of fibers of a homomorphism from G to another
group. The next lemma makes this precise.

Definition 3.3.6. Let N < G. The map
mw:G— G/N, n(g) = gN,

is called the canonical quotient map, the canonical surjection, or the canonical projection
from G to G/N.

Lemma 3.3.7. Let N < G. The canonical quotient map
m:G— G/N
is a surjective group homomorphism with kernel N.
Proof. Surjectivity is immediate: every element of G/N has the form gN for some g €
G. The map 7t is a homomorphism since
m(9192) = 9192N = (91N)(92N) = 7t(g1)7(g2).
Using Lemma 3.1.7] its kernel is
ker(m) ={g € G| n(g) = N}
={g € GIgN =N}
={geGlgeN}=N. [
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Corollary 3.3.8 (Proposition |3.2.7). A subgroup N < G is normal if and only if it is the
kernel of some homomorphism f : G — H.

Proof. If N is the kernel of a homomorphism, then the earlier exercise shows that N is
normal. Lemma3.3.7 gives the converse. |

Example 3.3.9. The infinite dihedral group D, is the set
Do = {14, 1's |1 € Z},
with multiplication determined by
rip =i,
(ris)r = s, (ris)(rs) = v,
Informally, this is the group with presentation
Do = (1,8 | sf=¢e, sts | = r_1>.
For n > 3, the subgroup (™) is normal in Do, and
Do/ (r™) = Dy
The isomorphism is induced by sending
r(ry—r and  s(t) —s. o

Exercise (3.3.2). Let m | n with m > 3. In Dy, = (1, 5), prove that (r™) < D,,, and prove
that
Dn/(r™) = Dp.

Remark 3.3.10. In the previous example, both D, and (r™) are infinite, but the quotient
is finite. Thus a quotient of an infinite group by an infinite subgroup can be finite.

A quotient of an infinite group by an infinite subgroup can also be infinite. For
example, in the additive group Z x Z, the subgroup Z x {0} is normal, and the quotient
has one coset for each possible second coordinate. In contrast, every quotient of a finite
group is finite.

Definition 3.3.11. Let G be a group. For x,y € G, the commutator of x and y is the

element
1

x,yl = xyx 'y~
The commutator subgroup, or derived subgroup, of G is the subgroup generated by all
commutators:

[G, G] - <[X/y] ’X/U € G>
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We have [x,y] = eg if and only if xy = yx. More generally, [G, G] = {eg} if and
only if G is abelian. Thus the commutator subgroup measures how far G is from being
abelian.

Exercise (3.3.3). Show that [G, G] is a normal subgroup of G. Hint: first show that

glx,ylg™ =lgxg™, gyg'l.

Exercise (3.3.4). Let G be a group. Define the abelianization of G as G, = G/[G, Gl.
Prove that the abelianization is the largest abelian quotient of G, in the following sense:
if N < G and G/N is abelian, then [G, G] < N.

Exercise (3.3.5). Compute the commutator subgroups [S3, S3] and [Dy4, D4]. Then deter-
mine Sgb and Djb.

It is now time to prove the isomorphism theorems, which explain how homomor-
phisms and quotient groups fit together.

3.4 ISOMORPHISM THEOREMS
Take any homomorphism ¢ : G — H. As we showed, the kernel ker ¢ is a normal
subgroup of G (and in fact all normal subgroups arise as kernels of homomorphisms),
so we may take the quotient group G/ ker ¢. Now, think back to the picture we have of
quotient groups as fibers of a homomorphism. This picture makes it clear that the quo-
tient group G/ ker ¢ is isomorphic to the image of ¢ in H. This is the first fundamental
isomorphism theorem, which we now state and prove.

Theorem 3.4.1 (First Isomorphism Theorem). If ¢ : G — H is a homomorphism of groups,
then ker @ < G and G/ ker ¢ = im ¢.

Proof. We have already shown that ker ¢ < G. Define a map

P:G/kere —ime,  W(gkero)=@(g).
This is well-defined: if gker ¢ = g’ker @, then g~'g’ € ker @, so @(g~'g’) = e} and
hence ¢(g) = @(g’). The map 1 is surjective by definition of the image, and it is
injective because if (g ker ¢) = ey, then g € ker ¢ and hence g ker ¢ = ker ¢. [ |
Example 3.4.2. Suppose ¢ : V — W is a linear transformation of finite-dimensional
vector spaces. Then the first isomorphism theorem implies that [V : ker(¢)| = [im ¢|.

This is the the rank-nullity theorem, which says that

dimV = dimker(¢) + dimim(¢). o
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Example 3.4.3. The First Isomorphism Theorem gives a second proof of the classifica-
tion of cyclic groups. Let G = (x) and define

b:Z— G, d(m) =x"

This is a surjective homomorphism. If x has infinite order, then ker ¢ = {0}, so Z = G.
If x has finite order n, then ker ¢ = nZ, so the First Isomorphism Theorem gives

Z/nZ =47/ ker p = G. o
Example 3.4.4. Let F be a field and let n > 1. The determinant map
det: GL,(F) — F*
is a surjective group homomorphism. Its kernel is
SLn(F) ={A € GLn(F) | det(A) =1}
Therefore SL,,(F) < GL,,(F), and the First Isomorphism Theorem gives
GLn(F)/ SLn(F) = F*. o

Example 3.4.5. Let G = R* and let N = {1, —1}. Since G is abelian, N < G. The absolute
value map
|-]:R* = RZ,

is a surjective homomorphism with kernel N. Hence
R*/{1,—1} = RZ,. o
To state the Second Isomorphism Theorem, we first need a small piece of notation.
Definition 3.4.6. Let H and K be subgroups of a group G. Define
HK ={hk|h € H, k € K}
In general, HK is only a subset of G, not necessarily a subgroup.

Remark 3.4.7. The subsets H and K are both contained in HK: for example, h = heg €
HK for every h € H, and k = egk € HK for every k € K.

Exercise (3.4.1). Let H and K be subgroups of G.
1. Prove that HK is a subgroup of G if and only if HK = KH.

2. Prove that if at least one of H or K is normal in G, then

HK<G and HK=KH=(HUK).
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Remark 3.4.8. The equality HK = KH does not mean that every element of H commutes
with every element of K. It is an equality of subsets.

Theorem 3.4.9 (Second Isomorphism Theorem). Let G be a group, let H < G, and let
N < G. Then
HN < G, HNN <H, N < HN,

and there is an isomorphism H/(HNN) = HN/N.

Proof. Since N is normal in G, Exercise[(3.4.1)|gives HN < G. Also, HN'N < H because
N < G, and N < HN because HN < G.
Let
@ :H— HN/N, @(h) = hN.

This is the composition of the inclusion H < HN with the canonical projection HN —»
HN/N, so it is a homomorphism. The map ¢ is surjective because every element of
HN/N has the form hnN = hN, with h € H and n € N.Finally,

kero ={h e H|hN=N}=HNN.
The result follows from the First Isomorphism Theorem. n
Corollary 3.4.10. If H and N are finite subgroups of G and N < G, then

[HIINJ
[HNN|

[HN| =
Theorem 3.4.11 (Lattice Isomorphism Theorem). Let G be a group, let N < G, and let

m: G — G/N be the canonical projection. There is an order-preserving bijection

{ subgroups H < G

such that N < H } «— { subgroups of G/N }

given by
H——H/N  and A—m(A).

This correspondence has the following properties:
1. H < Kifandonly if H/N < K/N.
2. H4 Gifand only if H/N < G/N.
3. [G:H] =[G/N:H/NI].
4. If N < H,K < G, then
(H/N)N (K/N) = (HNK)/N

and
(H/NUK/N) = (HUK)/N.
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Exercise (3.4.2). Prove the Lattice Isomorphism theorem.

Example 3.4.12. Let G = Z and let N = 12Z. Since Z is abelian, 12Z < Z. The
Lattice Isomorphism Theorem says that the subgroups of Z containing 12Z correspond
exactly to the subgroups of Z/12Z.

The subgroups of Z containing 12Z are

z, 27, 37, 47, 6Z, 127Z.
Under the correspondence H +— H/12Z, these become the subgroups of Z/12Z:
z/12z, (2), (3), 4), (6), {0

The two lattices have exactly the same shape:

Z Z/127

VRN _ N
2Z 3Z (2) (3)
T~ | H+— H/12Z B B
47 6z (@) T @)

NS ~ _

127 {0}
subgroups between 12Z and Z subgroups of Z /127

For example, on the left
27Z.N37 = 6Z.

On the right, the corresponding statement is
(2)n(3) = (e).

The theorem says that every inclusion, intersection, and generated subgroup visible in
the left lattice is preserved in the quotient lattice.

Of course, the actual subgroup structure of Z is much much larger than the one
shown here — you should think that G/N describes the structure of G "above" the nor-
mal subgroup N. o

The canonical projection m : G — G/N is the basic map out of G that kills every
element of N. The next theorem says that any homomorphism out of G that kills N
must come from a unique homomorphism out of G/N.

Theorem 3.4.13 (Universal mapping property of quotient groups). Let G be a group and
let N < G. Let f: G — H be a group homomorphism such that N < ker f. Then there exists a
unique group homomorphism

f:G/N—H
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such that the diagram
G —/— G/N

S

commutes. Equivalently, f(gN) = f(g) for every g € G.
Moreover, ~ ~
im(f) =im(f) and ker(f) = ker(f)/N.

Proof. 1f such a map exists, then it must satisfy

f(gN) = f(n(g)) = f(g),

so uniqueness is forced.
To prove existence, define

f(gN) = f(g).
We must check that this is well-defined. Suppose xN = yN. Theny~'x € N < ker f, so

fly) ' f(x) = fly~'x) = en.

Hence f(x) = f(y), so the value of f does not depend on the chosen representative.
The map f is a homomorphism because

FIN)(YN)) = F((xy)N) = f(xy) = F(x)f(y) = FxN)F(YN).

By construction, f o7t = f. ~
The image statement follows from the formula f(gN) = f(g). Finally,

gN € ker(f) & f(gN) = ey
— flg) =en
& g c kerf.

Therefore ker(f) = ker(f)/N. [

In short, to define a homomorphism out of G/N, it is enough to define a homomor-
phism out of G whose kernel contains N.

Exercise (3.4.3). The braid group B, is generated by symbols o7, ..., o1 subject to the
relations
0105 = 050} lf|l—]|22
and
0107107 = 0i10i0441-
The generator o; represents the braid where strand 1 crosses over strand i + 1. Products
of braids are formed by stacking one braid on top of another:
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01 02 0102

\,\\‘

A A AT

The second displayed relation is a three-strand braid move. It is not the relation
= e: doing the same crossing twice is usually not the identity braid.

Show that forgetting the crossing information and recording only the final order of
the endpoints defines a surjective homomorphism

2

03

B — Sa with o — (Li+1).

Describe the kernel geometrically; it is called the pure braid group Py,. Then prove that

imposing the additional relations o = e on By, gives the symmetric group S.

Exercise (3.4.4). The braid group B3 can be pictured as the mapping class group of a disk
with three marked points: its elements record ways to move the marked points around
each other, where two motions are considered the same if one can be continuously
deformed into the other while keeping the boundary of the disk fixed. The standard
generators o1 and o, are the positive half-twists interchanging the first two and last
two marked points:

Bg = <0'1,0'2 ‘ 0102071 = 0207 0'2>.

Define
A= 010,07.

Geometrically, A is the half twist that turns the three marked points halfway around
each other; A? is the full twist, where every pair of strands winds once around each
other.

1. Show algebraically that Aoy = 0,A and Ao, = o7A.
2. Deduce that A? is central in B3, and show that

Az = (0‘1 0'2)3.

3. Since A? is central, (A?) <I B3. In the quotient B3/ (A?), show that the images of

A and o070, satisty
)3

A =e and (0702)° =e.



CHAPTER 3. QUOTIENT GROUPS 49

4. A theorem from topology says that when the boundary of the disk is capped off
by adding a fourth marked point, the full twist becomes invisible. This gives

B3/ (A%) = PSL,(Z),

which is also the mapping class group of a sphere with four marked points. Ex-
plain why this quotient has the flavor of “forgetting the boundary twist.”

Exercise (3.4.5). Let G be a group and let A be an abelian group. Show that every group
homomorphism
f:G—=A

factors uniquely through the abelianization G,, = G/[G, GI.
Exercise (3.4.6). Prove that if G/Z(G) is cyclic, then G is abelian.

The third isomorphism theorem considers the question of taking quotient groups
of quotient groups. In short, they cancel like fractions and we gain no new structural
information from taking quotients of a quotient group.

Theorem 3.4.14 (Third Isomorphism Theorem). Let G be a group and suppose
M <N <G, M G, N JG.
Then M <IN, N/M < G/M, and there is an isomorphism
(G/M)/(N/M) =G/N.
Proof. Since M < G, we have M < N. Consider the canonical projection
m:G— G/N.
Since M < N = ker 7, the universal mapping property gives a homomorphism
n:G/M — G/N, 7(gM) = gN.

This map is surjective, and its kernel is ker(7t) = N/M. Therefore N/M < G/M, and
the First Isomorphism Theorem gives

(G/M)/(N/M) = G/N. m

3.5 COMPOSITION SERIES AND THE HOLDER PROGRAM
The isomorphism theorems tell us how to understand a group by passing to quotients.
Composition series push this idea as far as it can reasonably go: break a group into
simple quotient groups, in the same spirit that an integer is broken into prime factors.
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Definition 3.5.1. A nontrivial group G is called simple if its only normal subgroups are
{eg} and G.

Simple groups are the groups which cannot be broken down further using normal
subgroups and quotients. They are the "atoms" or "prime numbers" of group theory.

Example 3.5.2. If p is prime, then Z /pZ is simple. Indeed, its only subgroups are

0} and Z/vZ,
and every subgroup of an abelian group is normal. o
Proposition 3.5.3. The simple abelian groups are exactly the cyclic groups of prime order.

Proof. We have already seen that Z/pZ is simple when p is prime.

Conversely, let G be a simple abelian group, and choose a nonidentity element g €
G. Since G is abelian, every subgroup of G is normal. The subgroup (g) is nontrivial,
so simplicity forces

G =(9).

Thus G is cyclic. If G were infinite cyclic, then it would have a proper nontrivial sub-
group, for example (g?). Hence G is finite cyclic. If |G| were composite, then G would
have a proper nontrivial subgroup. Therefore |G| is prime. n

If simple groups are the "primes", we would wish for a "unique factorization theo-
rem" for finite groups. We now describe this program, which was initiated by Holder
in 1889.

Definition 3.5.4. A composition series for a group G is a finite chain of subgroups
{eg)=Go 4G < -dGn =G

such that each quotient G;/G;_; is simple. The simple groups Gi/G;_; are called the
composition factors of the series.

The notation G;_; < G; is important. We do not require every G; to be normal in all
of G; we only require it to be normal in the next group in the chain.

Example 3.5.5. If G is simple, then
{ec} 4G

is a composition series. Its only composition factor is G itself. o
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Example 3.5.6. In Z /127, one composition series is
{0} <(6) 9 (3) 2 Z/122.
The composition factors are
Z7/27, 7/27, Z/37Z.
Another composition series is
{02 (4) <(2)2zZ/122,
whose composition factors occur in the order
Z7/32, Z/27Z, Z/2Z.
Note: the order changed, but the list of factors did not. o

Example 3.5.7. Note that in Dg, we have two composition series
1< (r?) < (r) 9 Dg and 1< (s) < (+%,s) < Dg.

In each series there are three composition factors, each of which is isomorphic to the
simple group Z/27Z. o

Proposition 3.5.8. Every finite group has a composition series.

Proof. We argue by induction on |G|. If G is simple, then {eg} < G is a composition
series. If G is not simple, choose a proper normal subgroup N < G which is maxi-
mal among proper normal subgroups of G. Such an N exists because G is finite. By
the Lattice Isomorphism Theorem, the quotient G/N has no nontrivial proper normal
subgroups, so G/N is simple.

Since |N| < |G|, the induction hypothesis gives a composition series

{ec}=GpJdGy g---JGy=N
for N. Appending G gives
{eg}=G6Gr 9G24 - dGk=N<G,

and the new final quotient G/N is simple. Therefore this is a composition series for
G. [

Theorem 3.5.9 (Jordan-Holder theorem). Let G be a finite group. Any two composition
series for G have the same length, and after reordering their factors, the two lists of composition
factors are isomorphic term-by-term.
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We will not prove the Jordan-Holder theorem here. The proof is a refinement ar-
gument: one compares two normal chains by cutting each chain with the subgroups
in the other chain, then uses the isomorphism theorems to identify the new quotient
factors.

Remark 3.5.10. Composition factors behave like prime factors of an integer. A com-
position series is not unique, just as a factorization can be written in different orders.
The Jordan-Holder theorem says that the simple factors themselves are unique up to
reordering.

Remark 3.5.11. The analogy with prime factorization is useful but imperfect. Knowing
the composition factors of a group does not determine the group. For example, both

Z7/47Z and Z7/27 x7/27Z

have two composition factors, both isomorphic to Z/2Z, but the groups are not iso-
morphic. Composition factors describe the simple pieces; they do not describe all the
ways those pieces can be glued together.

After this, the Holder program was to:

1. classify all finite simple groups, and

2. find all ways of putting them together to form other groups.

Step (1) was completely in about 1980, 100 years after the program was launched. The
efforts of over 100 matehamticians covering about 5000-10000 pages of journal pages
over 300-500 individual papers.

Theorem 3.5.12. There is a list consisting of 18 infinite families of simple groups and 26 simple
groups not belonging to this family (the sporadic groups) such that every finite simple group
is isomorphic to one of the groups in the list.

Definition 3.5.13. A finite group G is called solvable if it has a composition series whose
composition factors are all cyclic of prime order.

By the Jordan-Holder theorem, if one composition series for a finite group has only
cyclic prime-order factors, then every composition series does. Thus solvability is a
property of the group, not of the chosen composition series.

Example 3.5.14. Every finite abelian group is solvable. Indeed, every composition fac-
tor of a finite abelian group is abelian and simple, hence cyclic of prime order. o

Remark 3.5.15. The name “solvable” points back to Galois’s original goal: understand-
ing when polynomial equations can be solved by radicals.

Very roughly, a polynomial has a group attached to it, called its Galois group. This
group records the permutations of the roots that preserve all algebraic relations among
those roots. For example, the roots of a polynomial may be labeled

o‘l/---/(xn/
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and the Galois group is a subgroup of S,, describing which permutations of these roots
are compatible with the algebraic structure of the equation.

Solving a polynomial by radicals means building its roots by repeatedly adjoining
expressions such as square roots, cube roots, and more generally mth roots. On the
group-theoretic side, these radical adjunctions contribute only cyclic prime-order com-
position factors. Thus Galois theory proves the following fundamental principle:

solvable by radicals = solvable Galois group.

This turns the existence of radical formulas into a group-theoretic question. The
general quintic has Galois group Ss. In the following exercise, you will show that S5 is
not solvable, achieving Galois’s goal.

Exercise (3.5.1). A fact that we will not prove As is simple — this is easy, but messy.
Using this fact, prove that S5 is not solvable.

Exercise (3.5.2). Let
V={e, (12)(34),(13)(24),(14)(23)}.

Prove that
{e} 9((12)(34)) AV IA, DS,

is a composition series, and list its composition factors.

THE CLASSIFICATION OF FINITELY GENERATED ABELIAN GROUPS
For finite abelian groups, composition factors are especially simple: they are all cyclic
groups of prime order. The Jordan-Holder theorem then records the primes that ap-
pear, counted with multiplicity. For instance, every abelian group of order 12 has com-
position factors

Z/27, Z/27Z, Z/3Z

in some order.
But now we need to understand goal (2); how these can be glued together. Fortu-
nately, we know how to do this in this case.

Theorem 3.5.16. Every finitely generated abelian group is isomorphic to a group of the form
72" Z/ 2D - DZ/nZ,

wherer > 0, each ny > 1, and
nyng |-y

Moreover, the integer r and the integers ny, . .., ny are uniquely determined by the group.

Example 3.5.17. What are all the possible finite abelian groups of order 12? The prime
factorization is
12=2%.3".
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The 2-part of the group can be either Z/4Z or Z/27Z © Z /27, and the 3-part of the
group is Z /3Z. Therefore the two possible abelian groups of order 12 are

/122 =7/47 &7 /3Z and 2/22572/27 & Z./32. o



CHAPTER 4

GROUP ACTIONS

In this chapter we’ll consider some of the consequences of an object acting on a set.
It is an important and recurring idea in mathematics to study how one object acts on
another, and if we have enough time, we’ll more fully explore this with representation
theory.

4.1 ORBITS AND STABILIZERS
In the first chapter we introduced group actions as a way for a group to act by symme-
tries or transformations of a set. We now return to them more systematically.
Recall the definition of a group action: A group action of G on a set X (sometimes
denoted G ~ X) is a rule that assigns, for every g € G and x € X an element g-x € X
so that the identity acts trivially and the action is compatible with the group operation:

e-x=xforall x € X and g-(h-x) =(gh)-xforallg,h € Gand x € X.

We learned that equivalently, it is a homomorphism p : G — Sym(X) from G to the
group of permutations of X, called the permutation representation of the action. This was
because if you fix g, the map x — g - x is a bijection of X to itself, and the compatibility
condition ensures that p is a homomorphism.

Perhaps the first question you should ask about a group action is: where do points
go? That is, if I keep applying elements of G to a point x € X, what are all the possible
places I can get to? This leads us to the notion of an orbit.

Definition 4.1.1. Let G ~ X be a group action. The orbit of an element x € X is
Orbg(x) ={g-x[g € G

We will think of an orbit as an equivalence class: two points x,y € X are in the same
orbit if there is some g € G such that g - x = y. The set of orbits is denoted X/G.

This means that the orbit of an action breaks X apart into orbits, and we can for
example, count |X| by counting the number of orbits and the size of each orbit.

Definition 4.1.2. Let G ~ X be a group action. The stabilizer of an element x € X is the
set of group elements that fix x under the action:

Stabg(x) ={g € G| g-x=x}

55
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Example 4.1.3. Let G act on S. An element s € S is a fixed point of the actionif g-s =s
for every g € G. Equivalently, s is a fixed point if Orbg(s) = {s}, or if Stabg(s) = G. ©

So the orbit measures how much the point moves; the stabilizer measures how
much symmetry remains after we pin down the point. One important difference is
that the orbit is a subset of X, while the stabilizer is a subgroup of G.

Lemma 4.1.4. Let G act on X, and let x € X. Then Stabg(x) is a subgroup of G.

Proof. The stabilizer is nonempty because eg - x = x, so eg € Stabg(x). We use the
one-step subgroup test. Suppose a,b € Stabg(x). Since b - x = x, note that the inverse
b~ also fixes x:

bl x=bT-(b-x)=(b"'b)-x=eg-x=x.

Therefore
(ab N x=a-(b" x)=a-x=x

Thus ab™! € Stabg(x), and hence Stabg(x) < G. [ |

The main counting theorem for actions says that the size of an orbit is controlled by
the size of a stabilizer. A useful mnemonic is

LOIS = Length of the Orbit Is the index of the Stabilizer.

Theorem 4.1.5 (LOIS). Let G act on a set X. For every x € X,
| Orbg(x)| = [G : Stabg(x)].

Proof. Let H = Stabg(x), and let £ be the set of left cosets of H in G. We’ll show that
there is a bijection
® : L — Orbg(x), ®(gH) =g - x.

We first check that this is well-defined. If gH = kH, then k! g € H,so
(k! g)-x=x.

Applying k to both sides gives g - x = k - x.
The same calculation also proves injectivity. If ®(gH) = ®(kH), then g-x = k - x.
Applying k™! gives
(k'g)-x=x,

so k~'g € H, and therefore gH = kH.

Finally, @ is surjective by the definition of the orbit: every element of Orbg(x) has
the form g - x for some g € G. Thus @ is a bijection, so the number of elements in the
orbit is the number of left cosets of the stabilizer. |
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Exercise (4.1.1). Let G act transitively on a set X, and fix x € X. Let H = Stabg(x).
Prove that
G/H— X, gH— g-x

is a well-defined bijection that respects the G-actions.

Note that one consequence of LOIS is that for each x in an orbit, the size of the
stabilizer is the same. More explicitly, if y = g - x, then

Stabg(y) = Stabg(g-x) =g Stabg(x)gq.

Corollary 4.1.6 (Orbit-Stabilizer Theorem). Let G be a finite group acting on a set X. For
every x € X,
G| = [Orbg(x]| - | Stabg (x)|.

Proof. By LOIS,
| Orbg (x)| = [G : Stabg(x)].

Since G is finite, Lagrange’s theorem gives

S
[Stabg (x)|

Rearranging gives the result. |

[G : Stabg(x)]

Remark 4.1.7. Let G act on a finite set X. Choose one representative xj, ..., xm from each
orbit that has more than one element. Then

m
X| = [{x € X | xis fixed}| + > |Orbg (x;)!.

i=1

Using LOIS, we can also write this as

m
X = {x € X | xis fixed}| + ) _[G : Stabg (x;)].

i=1

This is often called the orbit formula. We will use it soon in the special case where a
group acts on itself by conjugation.

Exercise (4.1.2). Let S, act on C" by permuting coordinates. For (aj,...,a,) € C",
define the elementary symmetric polynomials

erlar,...,an) =ar+---+an,

62(a1l' e/ an) - Z aiaj/

1<

en(ai,...,an) =ajaz---an.
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Show that ey, ..., e, are constant on Sy -orbits. Then prove the converse: two points of
C™ have the same values of e, ..., e, if and only if they lie in the same S-orbit.

Interpret this as saying that the orbit space C™/S,, parametrizes monic degree n
polynomials by their roots:

n

(a1,...,an) — [t —a).

i=1

There is also a neat way to count the number of orbits of a group action, called
Burnside’s lemma, though it is more accurately due to Cauchy and Frobenius.

Theorem 4.1.8 (Burnside’s lemma). Let G be a finite group acting on a finite set X. For
g€ G,let
Fix(g) ={x € X| g-x =x}.

be all the fixed points of g. Then the number of orbits is
1 .
X/6l= > |Fix(g)l
geG

Proof. Count the set
P={(g,x) e GxX[g-x=x}

enumerating all fixed pairs in two ways. First, if we fix g € G, then the possible x are
exactly the elements of Fix(g). Thus

Pl =) |Fix(g)l.

geaq

Now count by fixing x € X. The possible g are exactly the elements of Stabg(x), so

Pl= Y IStabg(x).

xeX

Now group the sum by orbits. If O is an orbit and x € O, then every point of O has a
stabilizer of the same size as Stabg(x). Thus the contribution of this orbit to the sum is

|O[ - [Stabg (x)| = |G|
by LOIS. Hence each orbit contributes |G|, and since there are |X/ G| orbits, we get
Pl =Gl - [X/Gl.

Using the first equality for |P| gives the formula. n
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Example 4.1.9. How many ways are there to color the vertices of a square black or
white, up to rotation? Let C4 = (r | 1* = 1) act on the set X of all 2* = 16 colorings by
rotating the square. The answer will be the number of orbits — since the orbits identify
colorings that are equivalent under rotation.

The identity fixes all 16 colorings. The rotations r and 1° each fix only the two
constant colorings. The rotation 17 fixes the colorings where opposite vertices have the
same color, so it fixes 22 = 4 colorings. By Burnside’s lemma,

1
X/Cal = ;(16+2+4+2) =6.

Thus there are 6 colorings up to rotation. o

Exercise (4.1.3). Use Burnside’s lemma to count the number of ways to color the ver-
tices of a regular pentagon with three colors, up to all symmetries of the pentagon.

We can now use these facts to compute with concrete symmetry groups. First, let’s
get some definitions:

Definition 4.1.10. An action of G on X is transitive if there is only one orbit, i.e., for
every x,y € X, thereis some g € G suchthatg-x =y.

Definition 4.1.11. An action of G on X is faithful if the only group element that fixes
every element of X is the identity. Equivalently, the associated homomorphism ¢ :
G — Sym(X) has trivial kernel.

Exercise (4.1.4). Let
O(k) ={Q € GLy(R) | Q'Q =T}
be the orthogonal group. Let O(m) x O(n) act on the set My xn(R) of real m x n

matrices by :
(W, V)-A=UAV".

1. Show that this defines a group action. Why does it correspond to rotating the
rows and columns of A?

2. Show that the eigenvalues of ATA, and hence the singular values of A, are con-
stant on orbits.

3. Use singular value decomposition to show that two matrices lie in the same
O(m) x O(n)-orbit if and only if they have the same singular values.

Lemma 4.1.12. Let G act on a set X, and let ¢ : G — Sym(X) be the associated permutation
representation. Then

ker(¢p) = ﬂ Stabg(x).

xeX
In particular, the action is faithful if and only if

ﬂ Stabg(x) ={e}.

xeX
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Proof. An element g € G lies in ker(¢) if and only if g acts trivially on every element
of X. This means exactly that
g-x=x

for every x € X, or equivalently, that g € Stabg(x) for every x € X. [

Example 4.1.13. Let G be the group of rotational symmetries of a cube. We can count
G by imagining that we pick up the cube and put it back in the same place. How many
ways are there to do this?

G acts on the six faces of the cube. This action is transitive, because I can pick up
the cube and rotate it so that any face is on top. The stabilizer of a face consists of the
four rotations by 0,7t/2, 7, and 37t/2 around the axis passing through the center of F
and the center of the opposite face. So

|G| = |Orbg (F)| - |Stabg (F)| = 6 - 4 = 24.

The cube has four long diagonals joining opposite vertices. Every rotational sym-
metry permutes these four diagonals, so we get a homomorphism

p:G—>S4.

We claim this is actually an isomorphism. This action is faithful: a rotational symmetry
that fixes all four long diagonals must fix the whole cube. To see this, consider a line
L = {A, B} joining two opposite vertices A and B. Any g € G that fixes all four long
diagonals must fix L as a set, and thus either fixes both A and B or swaps them. If it
fixes A and B, rotating around L fixes the other lines. If it swaps A and B, this is a
rotation around another line L and therefore fixes all the lines. Therefore p is injective.
Since |G| = 24 = |S4], the map p is an isomorphism. Thus the rotational symmetry
group of the cube is isomorphic to S4. o

Example 4.1.14. Let Y be a regular dodecahedron centered at the origin in IR?, and let
G be the group of orientation-preserving isometries of IR that send Y to itself:

G={x:R>>5 R} «aisan isometry, o preserves orientation, and «(Y) = Y}.

The group G acts on the set of 12 faces of Y. This action is transitive, since any face
can be rotated to any other face. If F is a face, then

| Orbg (F)| = 12.

The stabilizer of F consists of the five rotations around the axis through the center of F
and the center of the opposite face:
2 4m 6m 8w
575" 575"
Therefore | Stabg (F)| = 5, and the Orbit-Stabilizer Theorem gives
|G| = | Orbg(F)| - |Stabg(F)| =12 -5 = 60. o

0,
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4.2 THE CLASS EQUATION
The main goal of this section is to apply the Orbit-Stabilizer Theorem to the action of a
group on itself by conjugation. Recall that every group G acts on itself by
g-x=gxg .

Definition 4.2.1. Let G be a group. Two elements g, g’ € G are conjugate if there exists
h € G such that
g’ =hgh.

The conjugacy class of g € G is
[glc ={hgh™' | h € G}.
Thus the conjugacy class of g is exactly the orbit of g under conjugation.

Remark 4.2.2. For any group G, we have

for every g € G. Therefore [e]. = {e}.

Let us first understand conjugacy classes in symmetric groups. Remember that in
symmetric groups, every permutation factors uniquely into a product of disjoint cycles.
The key fact is that conjugation relabels cycles.

Lemma 4.2.3. Let 0 € Sy, and let iy, ..., 1k be distinct elements of {1,...,n}. Then

1= (o(iy) o(ia) - - olix)).

O‘(i] iz cee ik)cr
Proof. Lett = (i1iy --- k). If 1 <j <k, then
oto ' (a(ij)) = ot(ij) = olij).

Similarly, oto ' (o(ix)) = o(ij). If a is not one of the elements o(iy),..., o(ix), then
o '(a) is not one of iy,...,1x, so T fixes 0~ '(a) and hence oto~! fixes a. Therefore
oto ! is the cycle (o(i1) o(iz) - - o(ix)). [ |

Definition 4.2.4. The cycle type of a permutation is the list of lengths of the cycles in its
disjoint cycle decomposition, ignoring cycles of length 1.

Theorem 4.2.5. Two elements of Sy, are conjugate if and only if they have the same cycle type.

Proof. Suppose «, B € Sy, are conjugate, say p = oo™ '. Write  as a product of disjoint
cycles:
X=X Xm.
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Then

1

B =oc0o ' = (oo )(ooaa ) (Como ).

By Lemma each oo is a cycle of the same length as oy. These cycles are still
disjoint, because o is a bijection. Hence « and {3 have the same cycle type.
Conversely, suppose « and {3 have the same cycle type. Write

= O and B=PB1-PBm,

where, after reordering if necessary, o; and 3; have the same length for every j.
If

o= (i) and  Bi=(Gabo - b)),
choose a permutation o € S;, such that
G(ij,t) = Bj,t

for all j and t. This can be done because the cycles in the two decompositions are
disjoint and have matching lengths; define o arbitrarily on any remaining fixed points.

Then Lemma gives

(el o = B;
for every j, so oo~ ! = B. Thus o and B are conjugate. [
Example 4.2.6. The conjugacy classes of S4 are determined by cycle type:
¢ the identity class {e};
e the class of (12), consisting of all transpositions, with (3) = 6 elements;
e the class of (123), consisting of all 3-cycles, with 4 - 2 = § elements;
* the class of (1234), consisting of all 4-cycles, with 3! = 6 elements;

e the class of (12)(34), consisting of products of two disjoint transpositions, with 3
elements.

The sizes add to
14+6+8+6+3=24=1S4. S

Example 4.2.7. The conjugacy classes of Ss are:
¢ the identity class {e};

e the class of (12), consisting of all transpositions, with (g) = 10 elements;

e the class of (123), consisting of all 3-cycles, with (g) - 2! = 20 elements;
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the class of (1234), consisting of all 4-cycles, with 5 - 3| = 30 elements;

the class of (12345), consisting of all 5-cycles, with 4! = 24 elements;

the class of (12)(34), consisting of products of two disjoint transpositions, with
5.3 =15 elements;

the class of (12)(345), consisting of products of a transposition and a disjoint
3-cycle, with (g) .21 = 20 elements.

Again, the sizes add to

1T+104+20+30+24+15+4+20 =120 = |S5|. o

Remark 4.2.8. If G is a nontrivial group, then no conjugacy class is all of G. Indeed,
le]c = {e}, and the conjugacy classes partition G.

Definition 4.2.9. Let G be a group and let S C G. The centralizer of S in G is
Cg(S)={x e G|xs=sxforalls € S}.
If S = {a}, we write Cg(a) instead of Cg({a}).

Definition 4.2.10. Let G be a group and let S C G. The normalizer of S in G is
Na(S)={g € GlgSg~' =S).

Exercise (4.2.1). Let G be a group and let S C G. Prove that Cg(S) and Ng(S) are
subgroups of G.

Lemma 4.2.11. Let S C G. Then Cg(S) < Ng(S).

Proof. Letx € Cg(S). For every s € S, we have xs = sx, so

xsx | =s and x Tsx = s.

Therefore xSx~!' C Sand x 'Sx C S. To prove the reverse containment, let s € S. Since

xTsx € S, we can write
1

s =x(xTsx)xT e xSx7.
Hence S C xSx~ !, so xSx~! = S. Thus x € Ng(S). [ |
Remark 4.2.12. If G is abelian, then Cg(S) = G = Ng(S) for every subset S C G.

Exercise (4.2.2). Let H < G, and let S C H. Prove that

CH(S)=Cg(S)NH and Nnp(S) = Ng(S)NH.



64 CHAPTER 4. GROUP ACTIONS

Exercise (4.2.3). Let G be a group and let H < G.
1. Prove that Ng(H)/Cg(H) is isomorphic to a subgroup of Aut(H).

2. Deduce that if H < G, then Cg(H) < G, and G/Cg(H) is isomorphic to a sub-
group of Aut(H).

Lemma 4.2.13. Let G act on itself by conjugation. For every g € G,
Orbg(g) =lgle,  Stabg(g) =Cgl(g),  llglel =[G : Cglg)l.

Proof. The first equality is the definition of the conjugacy class. For the stabilizer,

h € Stabg(g) <= hgh™' =g <= hg=gh < he Cglg).
The final equality follows from Theorem |

Corollary 4.2.14. If G is finite, then the size of every conjugacy class divides |G|.

Proof. By Lemma4.2.13| a conjugacy class is an orbit. By the Orbit-Stabilizer Theorem,
the size of the orbit always divides the size of the group. |

Exercise (4.2.4). Let G be a finite group. The commuting probability of G is the probability
that two randomly chosen elements of G commute:
[{{xy) € 6 X G [xy = yx]|

|GJ? '

cp(G) =

If k(G) is the number of conjugacy classes of G, prove that

k(G
cp(G) = %
Compute cp(S3) and cp(Dg).

We now apply the orbit formula to the conjugation action. First we identify the
tixed points.

Lemma 4.2.15. Let G act on itself by conjugation. An element g € G is a fixed point of this
action if and only if g € Z(G).

Proof. Suppose g € Z(G). Then g commutes with every h € G, so
hgh™' = (hg)h™" = g(hh™") = g.

Thus g is fixed by every element of G under conjugation.
Conversely, suppose g is fixed by every element of G under conjugation. Then for
every h € G,
hgh™! =g.

Multiplying on the right by h gives hg = gh. Hence g € Z(G). |
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Theorem 4.2.16 (The Class Equation). Let G be a finite group. For each conjugacy class
of size greater than 1, choose exactly one representative, and call the resulting list g1, ..., gr.
Then

T
IGI=1Z(G)I+ ) _[G: Cglgi)l.
i=1
Proof. The conjugacy classes are the orbits of the conjugation action. By Lemma(4.2.15
the fixed points of this action are exactly the elements of Z(G).

Theorem 4.1.5gives
.
GI=1Z(G)I+ ) _llgilel-
i=1

For each chosen representative g;, Lemma4.2.13| gives
[gilel =[G : Ca(gi)]-

Substituting these equalities into the orbit formula proves the class equation. |

Remark 4.2.17. If G is abelian, then Z(G) = G, so the class equation is not saying much:
there are no conjugacy classes of size greater than 1. The theorem becomes most useful
when G is nonabelian, because it forces noncentral conjugacy classes to account for the
part of G outside the center.

Exercise (4.2.5). Prove that if G is a nonabelian group of order 21, then there is only one
possible class equation for G, up to reordering the noncentral conjugacy-class sizes.

Exercise (4.2.6). Let p be prime, and let G be a finite group of order p™ for some m > 0.
Show Z(G) is not the trivial group.

Lemma 4.2.18. Let G be a group and let N < G. The conjugation action of G on itself restricts
to an action of G on N. In particular, N is a disjoint union of conjugacy classes of G.

Proof. Define g-n = gng~' for g € G and n € N. Since N is normal in G, the element
gng~' lies in N, so this rule is well-defined as an action on N. The action axioms are
inherited from the conjugation action of G on itself.

The orbit of an element n € N under this restricted action is

{gng™' | g € G} = nl,,

its conjugacy class in G. The orbits of an action partition the set being acted on, so N is
a disjoint union of conjugacy classes of G. |

Remark 4.2.19. Lemma says that if N < G, then every conjugacy class of G that
touches N is completely contained in N.

This should not be confused with the conjugation action of N on itself. If two ele-
ments of N are conjugate by an element of N, then they are certainly conjugate by an
element of G. The converse need not hold: two elements of N might be conjugate in G
only by elements outside of N.
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Exercise (4.2.7). Using the conjugacy classes of S4, prove that the only normal sub-
groups of S4 are

e}, V={e(12)(34),(13)(24),(14)(23)}, A4, 5S4

4.3 OTHER GROUP ACTIONS WITH APPLICATIONS

THE ACTION ON LEFT COSETS
Let G be a group and let H < G. Let £ be the set of left cosets of H in G:

L={xH|x e G}

When H is normal, this is the quotient group G/H. Here we do not assume that H is
normal; we are only using £ as a set.

The group G acts on L by left multiplication. This action is transitive, since every
coset is obtained from H by x - H. The stabilizer of the coset H is

Stabg(H) ={ge G| gH=H} =H.
This is consistent with LOIS:
|Orbg(H)| =Ll =[G:H],  [G:Stabg(H)] =[G : HI.
The associated permutation representation is
¢:G—Sym(L),  @(g)(xH) = (gx)H.

If [G : Hl =n < oo, then after choosing a bijection £ = {1, ...,n}, we may view this as
a homomorphism ¢ : G — Sy,.

Lemma 4.3.1. Let G be a group and let H < G. Consider the action of G on the set L of left
cosets of H, and let @ : G — Sym(L) be the corresponding permutation representation. Then

ker(¢p) = ﬂ xHx .
xeG

In particular, ker(¢p) < H.

Proof. An element g € G lies in ker(¢) if and only if it fixes every left coset of H. Thus

g € ker(p) & (gx)H =xH foreveryx € G
& x'gx € Hforevery x € G
& g e xHx ! forevery x € G
— g€ ﬂ xHx

xeG

Taking x = e shows that this intersection is contained in H. n
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The subgroup

ﬂ xHx ™!

xeG

is the largest normal subgroup of G contained in H. It is often called the core of H in G.

Remark 4.3.2. The action of G on the left cosets of H may or may not be faithful. By
Lemma it is faithful if and only if

ﬂ xHx! = {e.

xeG

If H < G, then xHx ! = H for all x € G, so the kernel is H. Thus, for normal H, this
action is faithful if and only if H = {e}.

Example 4.3.3. Let G = S3 and let H = ((12)). The action of S3 on the left cosets of H
is faithful. Indeed, if w = (1 3), then

wHw ™' ={e, (23)).

Hence
HNwHw™' ={e}.

By Lemma the kernel of the coset action is contained in this intersection, so the
kernel is trivial. o

Theorem 4.3.4. Let G be a finite group, and let H < G have index p, where p is the smallest
prime divisor of |G|. Then H < G.

Proof. Let L be the set of left cosets of H in G. Since [G : H] = p, the action of G on £
gives a homomorphism ¢ : G — S,. Let N = ker(¢). By Lemma[4.3.1) we have N < H.
By the First Isomorphism Theorem,

[G:N] =|G/N| = [im(¢)].
Since im(¢p) < Sp, Lagrange’s theorem implies that [G : N] divides p!. Also [G : N]
divides |G|. Therefore [G : N] divides gcd(|G|, p!). Because p is the smallest prime
divisor of |G|, this greatest common divisor is p. Hence

[G:N]=1 or [G:N]=rp.

The first option is impossible because N < H < G. Thus [G : N] = p. Since N < H and
[G : H] = p, we must have N = H. Therefore H = ker(¢), so H is normal in G. |

This generalizes the earlier exercise that every subgroup of index 2 is normal.
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THE ACTION ON SUBGROUPS BY CONJUGATION
Another useful action comes from conjugating subgroups. If H < G and g € G, then

gHg ' ={ghg' |h € H}

is again a subgroup of G, and the map H — gHg ™! given by h + ghg~! is a bijection.
Thus conjugate subgroups have the same cardinality. In particular, if H is the unique
subgroup of G of order |H|, then gHg™" = H for every g € G,so H < G.
Let
S(G)={H[H <G}

be the set of all subgroups of G. Then G acts on S(G) by
g-H=gHg".

Definition 4.3.5. Two subgroups A and B of a group G are conjugate if there exists g € G
such that

A = ng_1.
Equivalently, two subgroups are conjugate if they lie in the same orbit for the action of

G on §(G) by conjugation.

Lemma 4.3.6. Let G be a group and let H < G. The number of subgroups of G conjugate to H
is [G : Ng(H)].

Proof. The subgroups conjugate to H are exactly the elements in the orbit of H under
the conjugation action of G on §(G). The stabilizer of H under this action is

{g € GlgHg ' =H}=Ng(H).

By LOIS, the size of the orbit is [G : Ng(H)]. [ |

The normalizer Ng(H) is the largest subgroup of G in which H is normal. Indeed,
H < Ng(H), and if H < K < G, then every element of K normalizes H, so K < Ng(H).
In particular,
HJG if and only if Ng(H) = G.

These actions on cosets and subgroups both turn group-theoretic structure into per-
mutation representations. In the next chapter we linearize this idea: an action on a
finite set gives a representation by letting G permute basis vectors.



CHAPTER 5

REPRESENTATION THEORY

Representation theory is a way of studying groups by letting them act on vector spaces.
The point is that linear algebra gives us tools that are very concrete: matrices, eigen-
values, traces, dimensions, and decompositions.

In this chapter we follow the beginning of Serre’s Linear Representations of Finite
Groups. We will work with finite groups and finite-dimensional complex vector spaces.
This is already a rich setting, and it is the setting where the basic structure theorems
have their cleanest form.

5.1 DEFINITIONS AND EXAMPLES
Let G be a group and let V be a finite-dimensional vector space over C.

Definition 5.1.1. A (complex) representation of G in V is a group homomorphism
p: G — GL(V).

As a reminder, GL(V) is the group of linear automorphisms of V called the general
linear group, or if dim V' = d, the group of invertible d x d matrices.

In other words, a representation of G is a pair (V, p), which associates to each ele-
ment g € G an invertible linear map p(g) in such a way that

p(gt) = p(g)p(t) forg,te G.

After choosing a basis of V, each p(g) becomes an invertible matrix. In this way, we are
trying to represent the abstract group G by matrices. Most people will abuse notation
supress p from the notation when its understood, and say that V is a representation of
G.

Example 5.1.2. Let V be any finite-dimensional complex vector space. The rule p(g) =
Iy for every g € G defines a representation of G. This is called the trivial representation.
o

Example 5.1.3. Suppose dim V = 1. In this case, a representation is a map

p:G = C*.

69
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Since G is finite, every element g € G has finite order. If g" = eg, then

=p(g") =pleg) = 1.
Thus p(g) is a root of unity for every g € G. o

Exercise (5.1.1). This exercise will complete a classification of one-dimensional repre-
sentations of a finite group G.

1. Show that p uniquely factors through the abelianization G** = G/[G, G]. (Hint:
look at previous exercises...)

2. Show that if G is a cyclic group, then the one-dimensional representations of G
are in bijection with the n-th roots of unity, where n = |G]|.

3. Use the classification of finite abelian groups to describe all one-dimensional rep-
resentations of G.

Example 5.1.4. The sign representation of Sy, is the one-dimensional representation
sgn: Sy — {£1} C C*.

Even permutations act by multiplication by 1, and odd permutations act by multipli-
cation by —1. This is a representation because if you multiply two even permutations,
you get an even permutation, and if you multiply two odd permutations, you get an
even permutation. If you multiply an even and an odd permutation, you get an odd
permutation. In all cases, the sign of the product is the product of the signs. o

Example 5.1.5. Recall that S,, acts naturally on the set X = {1, 2,...,n} by permutating
the elements. There is an extremely natural representation here on the n-dimensional
vector space C™. Let ey, ..., e, be the standard basis of C™, one for each element in X.
For each permutation o € Sy, define

p(o)(ei) = eq(i)-

So for example, if n = 3 and o = (123), then

0 0 1
p(o)=1|1 0 0
010
We call this the permutation representation associated with S, ~ X. o

Example extends to a general construction for any group action G ~ X on a
finite set X.
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Definition 5.1.6. Let V be the complex vector space with basis (ex)xex. For each g € G,
define the permutation representation of G ~ X by

p(g)(ex) = egx forallg € G, x € X.

Since the action satisfies g(tx) = (gt)x, the maps p(g) satisfy p(gt) = p(g)p(t).

Recall that every finite group G acts on itself by left multiplication. This gives a
permutation representation of G on a vector space of dimension |G| with basis (eg)gcg-
This is called the regular representation of G.

Example 5.1.7. If G = S3, then the regular representation is 6-dimensional, with one
basis vector for each permutation in S3. Order the basis as

€id, €(12), €(13), €(23), €(123), €(132)-

In this basis, the matrix for p((123)) is

S = O O O O
o O O —= OO
S O = O o O
o O O O —= O
— O O O OO
S O O O o —

Example 5.1.8. If G = Z/3Z = {0,1,2}, then the regular representation of G is a rep-
resentation in a three-dimensional vector space with basis e, ey, 5, and the group ele-
ments act as follows:

p(0)(e5) = e, p(0)(e7) = ey, p(0)(ez) = e,
p(1)(e5) = ey, p(1)(e7) = ey, p(1)(ez) = eg,
p(f)(eg) =€y, p(f)(eT) = €y p(z)(ej) = e7.

So as a matrix, p(1) is the matrix

0 01
1.0 0f.
010

Note that this is the same matrix as the natural permutation representation of (123) €
S3, after identifying 0,1,2 with 1,2, 3. o

Exercise (5.1.2). Let G be a finite group. The group algebra C[G] is the complex vector
space with basis (e4)4eg. Define multiplication on basis vectors by

€g€h = egh
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and extend this rule bilinearly, so that

Zageg (Z bheh> = Z agbnegn.

geG heG g,heG
1. Show that this multiplication is associative and has identity element e..
2. Show that C[G] is commutative if and only if G is abelian.

3. Foreach s € G, left multiplication by es sends eg to esq. Explain why this recovers
the regular representation described above.

As usual, we have a notion for when objects are the isomorphic to each other. As
usual, it means that there is a homomorphism that respects the structure of the objects.

Definition 5.1.9. Two representations (V, p) and (W, T) of G are called isomorphic if
there is an isomorphism of vector spaces f : V.— W such that

T(g)of="fop(g)

for all g € G. In other words, the following diagram commutes for all g € G:

People call such a map f a G-equivariant linear map. More generally, a homomorphism
from one G-representation to another is a homomorphism respecting the G-action in
the same way.

Isomorphic representations are the same representation written in different coordi-
nates. If bases are chosen for V and W, then the condition above says that the matrices
for one representation are obtained from the matrices for the other by a single change
of basis.

Remark 5.1.10. There is a pattern here that appears throughout modern mathematics.
Once we decide what kinds of objects we want to study, we also have to decide what
the structure-preserving maps between them should be. For representations of G, the
objects are representations, and the structure-preserving maps are G-equivariant linear
maps. The isomorphisms are exactly the invertible G-equivariant linear maps. The
subject that studies this general pattern of objects and morphisms is called category
theory.
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5.2 SUBREPRESENTATIONS AND IRREDUCIBILITY
A representation is a vector space together with a compatible action of G. Therefore the
right analogue of a subgroup is not just a subset, but a linear subspace that is preserved
by the action.

Definition 5.2.1. Let (V, p) be a representation of G. A subspace W C V is called a
subrepresentation if
plg)(W) c W

for every g € G. Sometimes we call W G-stable or invariant under G.

This is what is needed in order for the restriction

pw(g) = p(glly : W — W

defines a representation of G on W. Since p(g) is invertible, the condition p(g)(W) C W
is equivalent to p(g)(W) = W for every g € G.

Example 5.2.2. Let G act on a finite set X, and let V be the associated permutation
representation with basis (ex)xex. The vector

u:EeX

is fixed by every element of G, because each s € G only permutes the basis vectors.
Therefore the line Cu is a subrepresentation, and G acts trivially on it. o

Lemma 5.2.3. Let f : V. — W be a G-equivariant linear map between representations of G.
Then ker(f) is a subrepresentation of V, and im(f) is a subrepresentation of W.

Proof. Letv € ker(f), so f(v) =0. Then forany g € G,

so p(g)(v) € ker(f). Therefore ker(f) is a subrepresentation of V.
Let w € im(f), sow = f(v) for some v € V. Then for any g € G,

t(g)(w) =t(g)(f(v)) = f(p(g)(v)) € im(f),
so im(f) is a subrepresentation of W. [ |

Example 5.2.4. Every representation V has two automatic subrepresentations:
0 and V.

These are called the trivial subrepresentations. o
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Definition 5.2.5. A nonzero representation V of G is called irreducible if its only subrep-
resentations are 0 and V.

Later, Maschke’s theorem will tell us that every finite-dimensional complex repre-
sentation of a finite group can be built as a direct sum of irreducible representations.
Irreducible representations are therefore the basic building blocks of representation
theory. They are the "simple groups" of representation theory.

Example 5.2.6. Every one-dimensional representation is irreducible. Indeed, a one-
dimensional vector space has only two subspaces: 0 and the whole space. o

Example 5.2.7. If G is nontrivial, then the regular representation of G is not irreducible.

The line
teG

is a one-dimensional subrepresentation, and it is not the whole regular representation
because dimV = |G| > 1. o

Proposition 5.2.8. All irreducible representations of Z. /nZ. are one-dimensional.

Proof. Lety be a generator for Z/nZ, and let V be an irreducible representation. Let v
be an eigenvector for v, so yv = Av. Consider the complex line Cv; it is preserved by y
and by all of its powers and thus Cv is preserved by every group element. Therefore
its a subrepresentation of V and must be irreducible since its 1-dimensional. |

There are also multiple ways to create representations from existing ones. The most
basic is to take their direct sum.

Definition 5.2.9. Let V; and V; be representations of G. Their direct sum representation
is the representation on Vi @ V; defined by

s(vi,v2) = (sv1,5V2)
forevery s € G,v; € Vi, and v, € V).

Example 5.2.10. Let us return to the natural action of S, on the set {1,...,n}. The
corresponding permutation representation is the representation on C™ with standard
basis ey, ..., en given by

p(o)(ei) = eq(i)-

There is a one-dimensional subspace
L =span{e; +---+en}

on which every permutation acts trivially. There is also an (n — 1)-dimensional sub-
space
W ={aje;+---+anen|aj+---+an =0}
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This subspace is preserved by every permutation, and the resulting representation on
W is called the standard representation of Sy,.
In fact,
C'=LoW.

To see this, write v = aje; + - - - + anen and let

—_ __apt--+an
a=—
n
Then
n
v=adler+ - +en)+ ) (ai— ey,
i=1
where the first term lies in L and the second lies in W. o

Exercise (5.2.1). This exercise shows that for n > 2, the standard representation of S, is
irreducible. Suppose U is a nonzero subrepresentation of the standard representation

1. Letv = aje; + - - - anen be a nonzero vector in U. Show that there must be 1, j
such that a; # aj.

2. Show that the transposition T = (ij) satisfies v —1tv € U. Conclude that e, —eq €
U for any p # q.

3. Show that the vectors e, — eq for p # q span the standard representation. Con-
clude that U is the whole standard representation.

5.3 SCHUR’S LEMMA AND MASCHKE’S THEOREM

We now prove the first structural theorems about finite-dimensional complex repre-
sentations. Maschke’s theorem says that every representation can be broken apart into
irreducible pieces. Schur’s lemma says that maps between irreducible representations
are very rigid.

More precisely, Maschke’s theorem says that over C, every finite-dimensional rep-
resentation is assembled from irreducible ones by direct sums. The key point is that
every subrepresentation has an invariant complement.

Lemma 5.3.1 (Invariant complements). Let V be a finite-dimensional complex representa-
tion of a finite group G, and let W C 'V be a subrepresentation. Then there is a subrepresenta-
tion W' C V such that

V=woWw.

Proof. Start by choosing any linear complement U to W, so that V. = W @ U as vector
spaces. Equivalently, choose a linear projection p : V. — W onto W — this chooses a
complement U = ker(p).
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The projection p does not have to respect the G-action. We fix this by averaging it
over the group. Define
Ty
P(v) s
P

seG

Since W is a subrepresentation, each term s p(s~'v) lies in W, so P(v) € W.
First, P is still a projection onto W. If w € W, then s~'w € W, so p(s~'w) = s~ 'w.

Therefore : :
Plw) = — Z s(s7'w) = — Zw =w.
|G| seG |G| seG

Next, P is G-equivariant. Let t € G. Then

—1
tv S tv
=G LY s

seG

As s runs through G, we may write s = tr with r running through G. Thus

tv trp(r v
!GIZ pl

reG
= < err v>
reG

Now let
= ker(P).

Since P is G-equivariant, W' is a subrepresentation of V. Finally, every v € V can be
written as
v=PW)+ (v—P((HV)).

The first term lies in W. The second lies in ker(P), because P is the identity on W and
P(v) € W. Also, WNker(P) =0, since if w € W and P(w) = 0, then w = 0. Hence

V=WaoWw' [

Theorem 5.3.2 (Maschke’s theorem). Let G be a finite group. Every finite-dimensional com-
plex representation of G is a direct sum of irreducible subrepresentations.

Proof. We use induction on dim V. If dimV = 0, there is nothing to prove. If V is
irreducible, then V is already a direct sum with one irreducible summand.

Otherwise, V has a nonzero proper subrepresentation W. By Lemma there is
a subrepresentation W' such that

V=WaoWw'
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Both W and W' have dimension smaller than dimV. By induction, each of them is
a direct sum of irreducible subrepresentations. Therefore V is also a direct sum of
irreducible subrepresentations. |

Maschke’s theorem is the structural foundation of finite representation theory over
C. It tells us that the main problem is to understand the irreducible representations and
then understand how often each one appears inside a given representation. Characters
will give us an efficient way to answer that multiplicity question.

Now we turn to Schur’s lemma, which says that maps between irreducible repre-
sentations are very rigid. In particular, if two irreducible representations are not iso-
morphic, then there are no nonzero maps between them. If they are isomorphic, then
the only maps from one to the other are scalar multiples of the isomorphism.

Theorem 5.3.3 (Schur’s lemma). Let V and W be irreducible complex representations of G.
Any nonzero G-equivariant map T : V. — W is an isomorphism.

In particular, if V is irreducible, then every G-equivariant linear map T : V. — V is scalar
multiplication by some complex number.

Proof. By Lemma ker(T) is a subrepresentation of V, and im(T) is a subrepresen-
tation of W. Since V is irreducible, ker(T) is either 0 or V. If ker(T) =V, then T = 0. If
ker(T) =0, then T is injective.

Similarly, since W is irreducible, im(T) is either 0 or W. If T # 0, then im(T) # 0, so
im(T) = W. Therefore every nonzero G-equivariant map T : V — W is both injective
and surjective, hence an isomorphism.

Now suppose V.= W, and let T : V — V be G-equivariant. Since V is a finite-
dimensional complex vector space, T has an eigenvalue A € C. The map

T— ALy

is still G-equivariant. It is not injective, because it has a nonzero eigenvector in its
kernel. By the first part of the theorem, it cannot be a nonzero map. Therefore T =
Aly. [

Corollary 5.3.4. Let V and W be irreducible complex representations of G. Then

Homg(V,W) = {O' VEW
C, v=Ww.

Intuitively, Maschke’s theorems say that all representations break apart into irre-
ducible pieces, and then Schur’s lemma says that any maps between representations
do not "mix" these irreducible pieces. In the next section, we will use this to find the
irreducible decomposition of a representation.
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5.4 CHARACTERS
Reminder: the trace of a matrix is the sum of its diagonal entries. Equivalently, the trace
is the sum of the eigenvalues of the matrix or the second coefficient of the characteristic

polynomial. This is independent of the choice of basis, so it is a well-defined invariant
of a linear transformation. Recall that Tr(AB) = Tr(BA) and Tr(A + B) = Tr(A) + Tr(B).

Definition 5.4.1. Let (V, p) be a finite-dimensional complex representation of G. The
character of V is the function xy : G — C defined by

xv(s) = Tr(p(s)).

The character records one number for each group element: the trace of the linear
transformation by which that element acts. One immediate thing is that if two repre-
sentations are isomorphic, they have the same character.

Lemma 5.4.2. Isomorphic representations have the same character.

Proof. If V and W are isomorphic representations, then W = PVP~! for some invert-
ible matrix P. That is, it is the same linear transformation written in a different basis.
Therefore Tr(W) = Tr(PVP~') = Tr(V), so the characters are the same. |

Remark 5.4.3. The observation that x(uv) = x(vu) is equivalent to x(uwu™) = x(v)
is called being a class function. In other words, the character is constant on conjugacy
classes.

As we will show, the important deeper point is that the converse is also true: if
two representations have the same character, then they are isomorphic. Therefore we
can reduce the study of representations to that of their characters, and in general, a
finite-dimensional representation is specified by a set of |G| numbers.

Example 5.4.4. If V is the trivial representation of dimension n, then every s € G acts
as the identity map Iy. Therefore

xv(s) =Tr(ly) =n
for every s € G. o

Example 5.4.5. Let G act on a finite set X, and let V be the associated permutation repre-
sentation with basis (ex)yex. For s € G, the matrix of p(s) has a 1 in the diagonal entry
corresponding to x exactly when sx = x, and has 0 in that diagonal entry otherwise.
Therefore

xv(s) =[x € X | sx =x}|.

So the character of a permutation representation counts fixed points. o
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Example 5.4.6. Let V be the regular representation of G. This is the permutation rep-
resentation associated to the action of G on itself by left multiplication. If s = eg, then
every element of G is fixed, so

xv(eg) = [Gl.

If s # eg, then left multiplication by s has no fixed points: st = t would imply s = eg.
Hence

xv(s) =0 for s # eg.

Thus the character of the regular representation is
(S) . |G| ifs:eg,
Xvish= 0 ifs#eg ©

Example 5.4.7. Let S;, act on C™ by permuting the standard basis. Let P be this permu-
tation representation, let L be the trivial subrepresentation spanned by e; +--- + ey,
and let W be the standard representation. We showed earlier that

P=LoW.
The character of P counts fixed points, and the character of L is identically 1. Therefore
xw(o) =[{te{l,...n}lo(i) =i-T.

Thus the character of the standard representation of S;, is “number of fixed points mi-
nus one.” o

Example 5.4.8. So far, we’ve introduced three different irreducible representations of
S3: the trivial representation, the sign representation, and the standard representation.
Lets compute their characters.

xvlg)|e (12) (13) (23) (123) (132)
Xeiw |1 1 1 1 1 1
Xgn |1 =1 —1 =1 1 1
Xsd |2 0 0 0 -1 -1

We will soon be able to show that these are all the irreducible representations of S;.
This is called the character table for Ss. o

Here are the important properties about characters and character tables:
1. The value of xy(g) only depends on the conjugacy class of g.
2. The number of rows equals the number of conjugacy classes of G.

3. The sum of the absolute squares of any row, summed over all group elements,
equals |G|.
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4. The “dot product” of any row with itself is 1.

5. The “dot product” of any two different rows, summed over all group elements,
is 0.

Most of these we will prove later.
Proposition 5.4.9. If V and W are representations of G, then xvew = Xv + Xw-

Proof. With respect to bases adapted to the direct sum V & W, the matrix for the action
of s € G has block form
pv(s) 0 } .

0 pwl(s)

The trace of a block diagonal matrix is the sum of the traces of the diagonal blocks.
Therefore

Xvew(s) =xv(s) +xw(s)
for every s € G. |

Lemma 5.4.10. If xv is a character, then x(s71) =x(s) for every s € G.

Proof. Since s has finite order, the eigenvalues of p(s) are roots of unity. Therefore the
eigenvalues of p(s~') are the complex conjugates of the eigenvalues of p(s). Since the
trace is the sum of the eigenvalues, we have

xv(s™") =Tr(p(s™")) = Tr(p(s)) = xv(s). o

5.5 CHARACTERS AND CLASS FUNCTIONS
Recall from the previous section that characters are class functions on G. We can define
an inner product on the vector space of all class functions on G.

Definition 5.5.1. If f{,f; : G — C are functions, define

(f1,f2) = |G|Zf1 s)fa(s)

This is the usual Hermitian inner product on the vector space of functions G — C,
normalized by the factor |G|.

Remark 5.5.2. If f1 and f, are class functions, then the inner product can be computed
by summing over conjugacy classes. If Cy, ..., C; are the conjugacy classes of G and
c; € Cjis a representative, then

(f1,f2) = Z|c | f1(ci)fa(ci).

G| 4

This is one reason conjugacy classes become the columns of a character table.
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We now prove the main orthogonality theorem for irreducible characters. The proof
is a little complicated, but combining the result with Schur’s lemma gives a very clean
and useful result.

Proposition 5.5.3. Let V and W be finite-dimensional complex representations of G. Then
{xv,Xw) = dim Homg (W, V).
Proof. Let E = Hom(W, V). We make E into a representation of G by
(sT)(w) =sT(s 'w),

for T € Hom(W, V) and w € W. Its character is

Xe(s) = xv(s)xw(s™").
Indeed, after choosing bases, the action of s on E has the form

T+ ATB,

where A is the matrix of s on V, and B is the matrix of s on W. A direct calculation
on matrix units E;; shows that the trace of the map T — ATB'is Tr(A) Tr(B~'). This
proves the displayed formula for xg(s).

Now average the action of G on E. Define

1
P:E—E  P(T) Z@ZST.
seG

This is a projection onto the fixed subspace E€. Indeed, if U € E, then for any t € G,

1 1

tP(U) = D tsU= ol > ru =P,

G| seG G| TeG

so P(U) € ES. If U € ES, then

1
P = — = .
(u) |G|S€EGU u

Thus P is a projection onto ES, and therefore Tr(P) = dim E€ since Tr of a projection is
the dimension of its image. By linearity of trace,
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Finally, the fixed subspace ES is exactly Homg(W, V). Indeed, T € ES means

for every s € G and w € W. Replacing w by sw gives
sT(w) = T(sw),
which is exactly the condition that T is G-equivariant. Thus
(xv,Xw) = Tr(P) = dim E® = dim Homg (W, V). [ |

The proof of Proposition gives an intuitive picture of inner products between
characters. The inner product between characters is the quantity

é D xvlshxwl(s),
s€G

which is is an average correlation between the two representations, or how much they
have in common. This is the same as the dimension of the space of G-equivariant
maps between the two representations. By adding Schur’s lemma, we get the following
orthogonality theorem for irreducible characters.

Theorem 5.5.4 (Orthogonality of irreducible characters). Let V and W be irreducible com-
plex representations of G. Then

1 ifv=Ww,

(Xv, Xw) = {o VW,

Proof. By Proposition[5.5.3}
<XV/ XW> = dim Homg (W/ V) .

By Schur’s lemma, Homg(W, V) = 0 if V and W are not isomorphic. If V = W, then
Homg (W, V) is one-dimensional: after choosing one isomorphism W — V, every other
G-equivariant map differs from it by a scalar. This proves the theorem. |

This theorem says that irreducible characters form an orthonormal set in the space
of class functions. In particular, they are linearly independent. But in fact, they form
an orthonormal basis for the space of class functions.

Theorem 5.5.5 (Completeness of irreducible characters). The irreducible characters of G
form an orthonormal basis for the vector space of class functions on G. In particular, the number
of irreducible complex representations of G is equal to the number of conjugacy classes of G.
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We will not prove this here because it requires a little more machinery I don’t want
to introduceﬂ As a direct consequence, we can compute the decomposition of the reg-
ular representation into irreducible representations, which gives a very useful formula
for the order of a finite group.

Corollary 5.5.6. Let Vi,...,V; be the irreducible complex representations of G. Then the
reqular representation decomposes as

Vieg = (dim V1)V @ -+ - @ (dim V) V.

Consequently,

Gl =) (dimV;)*.

i=1
Proof. Let Xreg be the character of the regular representation. We computed earlier that
Therefore the multiplicity of V; in the regular representation is

]
Gl
= dlmvl

<Xreg/ )(V1 > | G |><V1 (e)

This proves the decomposition. Taking dimensions of both sides gives the result. W
Now suppose a finite-dimensional complex representation V decomposes as
V=mVio---edmV,,

where Vi,...,V; are pairwise nonisomorphic irreducible representations, and where
m; Vi means a direct sum of m; copies of V;. Maschke’s theorem guarantees that such a
decomposition exists after collecting isomorphic irreducible summands together. The
integers m; are called the multiplicities of the irreducible representations in V.

Theorem 5.5.7 (Multiplicity formula). With notation as above,

mi = (Xv, Xv,)-

1One way to prove this is through the group algebra C[G]. The center of C[G] has a basis given by the
conjugacy-class sums }_ ¢ ¢, so its dimension is the number of conjugacy classes of G. On the other
hand, Schur’s lemma implies that a central element acts by a scalar on each irreducible representation, so
the center has one independent scalar parameter for each irreducible representation. Thus the number
of irreducible representations equals the number of conjugacy classes.



84 CHAPTER 5. REPRESENTATION THEORY

Proof. By additivity of characters under direct sums,

Xv =myXy, + -+ MeXy,.

Taking the inner product with xy, gives

T
(xvexve) = > milxv; Xvi)
=

=my,
by the orthogonality of irreducible characters. |

Corollary 5.5.8. Two finite-dimensional complex representations of G have the same character
if and only if they are isomorphic.

Proof. If V = W, then xy = xw. Conversely, suppose xy = xw. Write
VEmVig---dm Vs and Wz=nVig---enV,,

where Vi, ..., V; are the irreducible representations that occur in either decomposition.
The multiplicity formula gives

m; = (Xv,Xv;) = (Xw,Xv;) =4

for every i. Thus V and W have the same irreducible summands with the same multi-
plicities, so V = W. |

Remark 5.5.9. This is the first major computational payoff of characters. To find how
many times an irreducible representation V; occurs inside V, we do not have to find all
of the subrepresentations by hand. We compute one inner product of class functions.

Proposition 5.5.10 (Burnside’s lemma revisited). Let G act on a finite set X, and let Xperm
be the character of the associated permutation representation. Then

1 D fxeXlsx=x} =IX/Gl.
€G

rm/1 = T~
<Xpe > |G|S

Proof. The first equality is just the definition of the inner product together with the fact
that Xperm (s) counts the fixed points of s. The last expression is Burnside’s lemma. W

We can also see the representation-theoretic meaning directly. The inner product
(Xperm, 1) is the multiplicity of the trivial representation inside the permutation repre-
sentation. The fixed subspace consists of the vectors

E axex

whose coefficients are constant on each orbit. Therefore the dimension of this fixed
subspace is the number of orbits of the action.
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5.6 COMPUTING CHARACTER TABLES
As we've seen, a character table is a compact way to record the irreducible characters
of a finite group. The columns are indexed by conjugacy classes of G. This makes sense
because characters are class functions. The rows are indexed by the irreducible charac-
ters of G. If Cy, ..., C; are the conjugacy classes and c¢; € C; is a representative, then the
character table records the values x(c;) as x runs through the irreducible characters.

Remark 5.6.1. The choice of representative c; does not matter, since characters are con-
stant on conjugacy classes. In a character table we usually label a column by a conve-
nient representative, such as (12) for the class of all transpositions in Sy,.

The row orthogonality relation says that distinct irreducible rows are orthogonal
using the weighted inner product

W) = g 3 CIx(cobled
i=1

Thus each irreducible row has norm 1, and two different irreducible rows have inner
product 0.

There is also a column orthogonality relation for a complete character table. Let g
and h be elements of a finite group G, and let Vi, ..., V; be irreps of G. Then

0 otherwise.

i C =|G|/|Cq4| if g, h are conjugate,
wa(g)xvi(h)z{' stgll =IGl/lel g e
i=1

So the columns are orthogonal too, but with a different normalization.

Exercise (5.6.1). Let C,, = (a) be a cyclic group of order n. Write the character table of
Cno

Example 5.6.2. Let us return to the symmetric group S3. The conjugacy classes of S3
are:

e,  {(12),(13),(23)),  {(123),(132)}.

Their sizes are 1, 3, and 2. We can rewrite the character table with columns as conjugacy
classes:

e (12) (123)
classsize |1 3 2
Xtriv 1 1 1
Xsgn [ 1
Xstd |2 O —1

Since S3 has three conjugacy classes, Theorem says that there are three irreducible
characters. Thus this is the complete character table of S3.
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Now let R be the regular representation of S3. From our earlier computation of the
character of the regular representation,

XR = (6/ O/ O)

on these three conjugacy classes. The multiplicities are

<XR/ Xtriv> =1, <XR/XSgn> =1, <XR/ Xstd> =2

Therefore
R = Viiy @ ngn D 2Vstd-

The dimensions check out: 1+ 14 2-2 = 6, which is the dimension of the regular
representation. o

Exercise (5.6.2). Let S, act on the set X of all two-element subsets of {1,2,3,4}. Let P be
the corresponding permutation representation.

1. Compute the character xp on the five conjugacy classes

e, (12), (12)(34), (123), (1234).

2. Compute
(XP, Xtriv) and {(XP/ Xstd)-

Conclude that P contains one copy of the trivial representation and one copy of
the standard representation.

3. By Maschke’s theorem, write P = Vi, @ Vgiq @ U for some representation U.
Compute xy and show that it is irreducible. What is the dimension of U?

Example 5.6.3. Let us compute the character table of S4. By Theorem conjugacy
classes in Sy, are determined by cycle type. The conjugacy classes of S4 are represented

by
e, (12), (12)(34), (123), (1234),

and their sizes are
1, 6, 3, 8, 6.

Since there are five conjugacy classes, there are five irreducible characters.

We immediately have the trivial character and the sign character. The dimension
formula from Corollary tells us that if the remaining dimensions are dy, d;, d3,
then

Ad+di+di=24—12-12=22.

The only possibility is
{d]/ dZ/ d3} — {2/ 3/ 3}
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One of the 3-dimensional irreducible representations is the standard representation
of Sy4. Its character is the number of fixed points minus one:

Xstd = (3/ 1,-1,0,—1 )
Exercise gives the remaining 2-dimensional irreducible character
X2 = (21 O/ 2/ _]/ O)

We only need the last irreducible character, which we can compute via the orthogonal-
ity relations. That is, we can use the row orthogonality relations and linear algebra to
solve for the last row, or some of the column orthogonality relations. We get

Xsgn-std = (3,—1,-1,0,1).

Note that this is the character xsq multiplied entrywise by the sign character xsgn.
Thus the character table of S, is

S4 e (12) (12)(34) (123) (1234)
classsize |1 6 3 8 6
Xtiv |11 1 1 1
Xsgn 1 -1 1 1 —1
Xstd 3 01 —1 0 —1
X2 2 0 2 —1 0
Xsgn-std 3 I —1 0 1
One quick check is
12412432 +32 422 =24 = [S4l. o

Exercise (5.6.3). Show that if V. and W are irreps of G with dim W = 1, then xvx is the
character of an irreducible representation (where multiplication happens entrywise).
We didn’t have time in the course, but this is the character of the tensor product V@ W.
This is the “product” analog of the direct sum construction and has dimension dim V' -
dim W.

Exercise (5.6.4). Let W be the standard representation of S; and let E = End(W) =
Hom (W, W).

1. Show that ¢ - T = oTo~ ! defines a representation of S; on E.

2. Show that dim E = 9 and compute the character of E. (Hint: For the latter, look at
the proof that (xv, xw) = dimHomg(W, V).)

3. Decompose E into irreducible representations of Sy.
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2

Example 5.6.4. Let Dy = (1,5 | ¥ = ¢, s> = ¢, sts = 171) be the symmetry group of a

square. Its conjugacy classes are

{e}, {TZ}, {r, 3 }, {s, rzs}, {rs, 3 sh

Thus D4 has five irreducible characters.
Using the earlier exercise about one-dimensional representations, the one-dimensionallj
characters of Dy are exactly the homomorphisms D3® — C*. Recall the presentation

2

Dy = (r,s I =e, s*=c¢, srs:r_]>.

The abelianization is what you get by forcing s and r to commute, thus srs =

becomes r = 1!, so 1% = e. Thus

2

Dib=<r,8|1‘2=€zs =e, rs =s1) = Cy x Cy.

Therefore there are four one-dimensional characters, which we can denote by x4 ,X+—,x—+
and x__, where the signs indicate the values of the character on r and s.

This leaves one last 2-dimensional character, which we could find via the orthog-
onality relations. However, its very natural: consider the 2-dimensional geometric
representation coming from the action of D4 on the square in the plane. In that repre-
sentation, the identity has trace 2, the half-turn 2 has trace —2, and every quarter-turn
or reflection has trace 0. Therefore the character table is

Dy ”or S TS
class size 2 2 2
1
1

1T 1
-1 -1
-1 1 -1
-1 -1 1
-2 0 0 O

e

1
X++ 1
X+— 1
X—+ 1
X—— 1
Xgeom 2

—_— ) ) [ —

The dimensions again check out:
P+12412 412422 =8 =Dyl o
Exercise (5.6.5). This exercise computes the character table of the quaternion group
Qg ={=*1, +i, £j, £k}
1. Show that the conjugacy classes of Qg are

2. Show that the abelianization of Qg is Qg/{£1} = C; x C,. Use this to find four
one-dimensional characters of Qs.
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3. Use orthogonality with the trivial character to show that this final character is
(2,-2,0,0,0)
on the conjugacy classes above.

4. Write the full character table of Qg and compare it with the table of D4. What
does this show about character tables as invariants of groups?
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