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K a field .

• M finitely generated A-module .

" "

High Level View : There is a duality between two numerical
invariants :
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Betti tables of graded }←{cohomology tables ofcoherent sheaves on

General free resolutions over project.ve spaces. }
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Question : How can we describe the structure of a module?



Definition . An exact sequence of A-modules

IF : .
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⇐ '

fit, ¥5 F; dis . . .
Es F
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t Fo dis M-so
is a free resolution of M if Fi is free ti

.

Note: Every module has at least one of these .
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Construction :
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We want to construct these resolutions as efficiently as possible
→ At each step in our construction, we want a " minimal

"

set of
'

relations
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V Our concept of minimality will only make sense ( i.e . yield uniqueness) when
• modules our local rings
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④ graded modules over graded rings CA, m=C× , ,
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Definition.
A free resolution is minimal if din ( Fitt)Em Fi Viso

Idea; This is a slick way of saying that we are choosing the minimal # of generators
of our free modules at each step of our construction .

Nakayama ⇒
basis of MMM ( a Ahn -- K-vector space) lifts to a minimal

generating set of M as an A-module .

do
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Question : Does this process of making a minimal free resolution terminate?
Why do we cure?

Hilbert SyzygyTheorem . (1890) The nth syzygy is a free module!

(=D M always has a unique graded free resolution whose length
(which is called the projective dimension of M or pdCM) )
is bounded by dim A =n

.

In this situation
,
Fi = AC-j ) B

"" - Betti numbers of M
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General Director of Research : How do the properties of the
minimal free resolution & its numerical invariants (e.g. Betti # s )

relate to the structure of M or of
'

A?

Our Direction : Understand the possible Betti tables that can occur .

ExH o l 2 3 is not the Betti table of any module .

° I 2 ⑥ '

( z , Why? 2 liner relations , X and y ,

y# - xHEO

9/20422,3 is the belts table of the minimal free

resolution
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t 2 D=Co , 1,3 ,4)

Definition : F is pure if each free module Fi is generated in a single
degree . Fi = Afd; )Pisdi .
• IF has degree sequence D= (do L die . . - Cdn )

• If IF is pure , we denote its Betti table as RCM) .

Key Insight of Boij-Soderberg :

classifying all Betti tables is hard . ( its still completely out of reach!)
New

Our✓ Direction : Understand the possible Betti tables that an out#

* up to rational multiples .

Think of a Betti table pcmI=(BijCMJ) as a vector in a Oh
"

columns

w/ bounded by n.

(arbitrary relation.



Fact
.
The set of positive rational rays q

- PCM ) ( qeohzo) forms a

convex cone o

- --
Qt YEC .

Xtc es- XEC .

Pf . ketch) If M t N are modes, t m,
he2 . then CMM⑤ N

") has
the Belt's table m M ) t n GCN) .

(1,3)
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rays as this one

are
exactly the pure Belt

's tables

•
Fact : Bett ; table can be realized as

a positive rational sum of pure Betti tables

Crs) = r ,
n'Nit . .

- t rn TelNn) Vi e ② so
,

Boi j -Soderberg Conjectures (stated 2006, Solved by Eisenhardt Schreyer 20077

① Existence
.

For
every degree sequence

D=Cdocd, c -
-
- Ldn)

there exists a Cohen - Macaulay module with a pure resolution of
type d .

②Spanning . The cone of Betti tables is generated by pure Betti tables

③ Decomposition . Every Betti table is a unique positive
rational liner combination of pure Betti tables in a unique
chain of degree sequences .
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Wait, where
did Cohen - Macaulayness come from ?

Needed to say that degree sequences unambiguously define a pure
resolution up to rational multiples .

to But if you are willing to let the pure
Betti tables in .

B. (m) = r, UND t - . . t rn RCN m)

have different number of columns , w.ie can throw Cohen-Macaulay out .

ey) M=AKx3xy , xz, yz) not Cohen -Macaulay -

PCM) = (
'

yay) = }(
"

683) t }(
"

32)
But what is it?

There is this other notion of dimension of a module called depth
we know depth ME dim M . Equality iff M Cohen -Macaulay

Teeters (Auslander- Buchsbaum) pdcmk depth(Al -
.

'

depth(M) Ms Pd ( M ) = n-din(M)
Why is this relevant? If we now define Hilbert series and Hilbert functions, we can

use this fact to get some relations that our betti # s need to satisfy :
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CONNECTION TO VECTOR BUNDLES

To prove

③ Deionpositron . Every Betti table is a unique positive
rational liner combination of pure Betti tables in a unique
chain of degree sequences .

Eisenbud & Schreyer discovered a surprising connection to vector bundles
on projective spaces t their

"

cohomology .tables
.

"

High Level View -

studied facets of the positive cone of Betti tables . they
found that the coefficients of supporting hyper surfaces were

cohomo logical dimensions of a certain class of vector bundles on
projective spaces .

* Need to assume some familiarity with Sheung f homological algebra

Definition . Over Ph
,
the sheaf E is quasi-coherent if every

affine subscheme U = SpecA- E fu is the sheaf associated to the
module M- MCU

,

E) over A .

"
Ecu)

• over Ph , E is coherent if it is quasi-coherent and TCU ,E) are
all finitely generated .

Cas
a.module)

SheefCohorgy
Fix a coherent sheaf E on IP? The global sections functor

TT : sheaves(IP)-7 Ab

F 1-3 f-CX )
is right adjoint to the constant sheaves functor,
so M is left exact .

(So it makes sense to talk about the right derived functors of TT )

Hicpn
,
E) = RIME ) o→A→p→c→o

3
is the sheaf cohomology of E on IP? -

O→ MAKEM LB)-Ths

Definition : The cohomology table of E is given by
t

HEH (E) = dime Hifipn
,
Egg )

R'ME )

↳ E Opncj )



Ext
.

No ,py= .

Hit Qpncaifrgconai section
is exactly

. . . -3 -2 - I 0 I 2 3 -
- -

# the ft degree

§ Shifts (twists homogeneous
polynomials .

80,1 (Opal# dim HOCIP?@ pact ) =3

Supernatural =dim MCP?Opec 's)

= dim (Qp.ch/CpejkExosxyxD=dimCxo,x.,xz) =3 ,

To find all belts' tables up
to rational multiple , we heeded the

extremal rays

Definition .

A vector bundle on a projective space is a

supernatural vector bundle it each column has exactly one nonzero

entry to

where did vector bundles come from?
in

locally free coherent sheaves . I
× ⇐ 1pm 3- U# Sit

- El u=¥EQpn/u
.

Before, the degree sequences gave us a Cohen Macaulay module

& the association was unique up to rational multiple .

Fact
,

A vector bundle is supernatural iff a sequence

rnLrn, L
-
- - < ri ( root sequence )

satisfying analogous properties to degree sequences



Given a free resolution IF (lengthknit) t coherent sheet E on Pn
Eisenbud & Schreyer deterred a pairing

{ IF
, E) e.+ (ee'd ,t=o ,

.
.
.

,
n )

defined in terms of Betti tables of F t cohomology tables of E .

Flavor ; .

• The supporting hyperplanes for the Betti tables of Cohen - Macaulay
modules of Cortina are given by h>E)e. t .

• The supporting hyperplanes of the cone of cohomology tables
of vector bundles on pre is given by LIF

,
- Yet

.

I
Tnn

.
For
any vector

bundle E there is a unique chain of
root sequences r't . -

- a VP sit . the cohomology tables of E is

aHr
'

) t Ce TCF) t .
. -

topNrt)

Cj are positive and national .

From here :

• Generalize to rings other than kcx
. .
. . - aid ( Ekman) , Toric Varieties

• Still need to fully generalize from vector bundles to
coherent sheaves ( we haven't fully classified those cohomology tables)

• Related conjectures : Horrocks , Stillman , minimal model program.
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